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Resumen

Se estudia la dindmica clasica de un sistema de dos cuerpos compactos no rotatorios
que interactiian gravitacional y electromagnéticamente. La dinamica clésica esta
codificada en la amplitud de scattering de dos a dos particulas con carga eléctrica,
masivas y de espin cero. Se modela el sistema de dos cuerpos por dos campos escalares
complejos acoplados a la teoria de Einstein-Maxwell. Luego, se calcula la amplitud de
scattering a nivel arbol y a un lazo y se extrae la fisica clésica utilizando herramientas
de teorfa de campo efectivo. Nuestro resultado central es el Hamiltoniano efectivo de
dos cuerpos para objetos compactos no rotatorios en el sector conservativo a segundo
orden en la constante de Newton y la constante de acoplamiento electromagnética.
Adicionalmente, se calcula el angulo de dispersion, un observable clésico, de los dos
cuerpos masivos en un escenario de dispersion.
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ABSTRACT: We study the classical dynamics of a system of two spinless compact
bodies interacting gravitationally and electromagnetically. The classical dynamics
are encoded in the two-to-two scattering amplitude of electrically charged, massive
spin-zero particles. Our setup is to model the two-body system by two complex
scalar fields coupled to Einstein-Maxwell theory. We then compute the four-point
scattering amplitude up to the one-loop order and extract the classical physics using
effective field theory tools. Our central result is the conservative two-body effec-
tive Hamiltonian for spinless compact objects at second order in Newton’s constant
and the electromagnetic coupling. Additionally, we compute the scattering angle, a
classical observable, of the two massive bodies in the scattering scenario.
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1 Introduction

The existence of gravitational waves (GWSs) is one of the central predictions of the
theory of general relativity (GR) [1]. The first indirect evidence of gravitational waves
came from the observation of the decreasing orbital period of the Hulse-Taylor binary
pulsar |2, 3], in accordance with Einstein’s quadrupole formula [4]. It was not until
nearly a century after Einstein’s prediction that a direct detection of gravitational
waves was reported by the LIGO and Virgo collaborations [5], ushering in the era
of gravitational-wave science. The sources of the gravitational waves that have been
detected so far by Earth-based observatories are inspiral binary systems of compact
objects. The first observed gravitational-wave event corresponded to a Binary Black
Hole (BBH) system. Gravitational-wave events for a Binary Neutron Star (BNS)
system [6] and a Neutron Star-Black Hole Binary (NSBH) system [7] have also been
observed.



Since the first observing run (O1) of the LIGO detectors, additional upgrades
on the detectors have been performed, thereby increasing their sensitivity and per-
formance [8]. With the KAGRA detector [9] joining in on the current observing run
(04), the LIGO-Virgo-KAGRA (LVK) collaboration has announced more binary
event candidates in O4 than in the previous three runs combined [8]. Alongside the
increased precision of upcoming LVK runs, the coming years will bring a new genera-
tion of ground-based detectors such as Cosmic Explorer [10], Einstein Telescope [11]
and LIGO-India [12], as well as the space-based Laser Interferometer Space Antenna
(LISA) detector [13]. These future detectors will undoubtedly make gravitational-
wave science a very promising and active research field as they open to us a new
window into the Universe never before probed.

What exactly can we infer from gravitational-wave signals? We list a few of the
insights into fundamental physics that gravitational-wave observations can provide:
Tests of GR. GW observations are made through waveform models which are
built solving Einstein’s field equations. Observations of BBH mergers in particular
offer the ideal testing ground for GR in the strong-field regime [14, 15]|. Since wave-
form models can also be built in modified theories of gravity, GW observations also
allow us to test deviations from GR [16, 17].

Equation of state of neutron stars. The physics regarding the properties of
the core of neutron stars is still not well understood. Future GW observatories will
be able to probe the densities and pressures in neutron stars [18], as well as give
constraints on their equations of state |19, 20].

Properties of dark matter. The nature of dark matter remains a mystery in
astrophysics and cosmology. Alterations in the orbital dynamics of compact binaries
would leave an imprint in their GWs, providing indirect evidence on the properties
of dark matter [21]. Additionally, primordial black holes have been proposed as
candidates of some of the dark matter as result of LIGO-Virgo detections [22].
Dark energy. To account for the accelerated expansion of the universe, dark
energy is introduced as a cosmological constant in the so-called ACDM model, the
standard model of cosmology. The nature of dark energy, however, is still an open
problem. Measurements of the luminosity distance to a binary merger can be ex-
tracted from gravitational waveforms. If their redshifts are also obtained from EM
observations, inferences can be made on dark energy equation-of-state, dark matter
and dark energy density parameters [23].

As mentioned before, the gravitational-wave signals observed by LVK detectors
come from coalescences of compact objects. The temporal evolution of these binary
systems can be divided into three phases as illustrated in Fig. 1. The earliest stage
is the inspiral phase. In this phase the two objects are orbiting each other in quasi-
periodic motion while radiating gravitational waves; since the emitted gravitational
waves carry away some of the system’s energy, the two objects gradually come closer
together. The gravitational waveform for this stage is nearly sinusoidal. Next is the
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Figure 1. The three phases of a binary merger. Figure reproduced from Ref. [24].

merger phase. Here the separation between the objects approaches the characteristic
size of the constituents and the two objects collide and fuse into one. The dynamics
of this stage is nonperturbative and numerical methods have to be used to study it.
The final stage is known as the ringdown. The gravitational waveform in this phase
decays exponentially. For a BBH system, the merged remnant is a Kerr black hole
which radiates gravitational waves through quasi-normal modes |25, 26]. Unlike the
merger phase, the inspiral and ringdown phases can be treated using perturbative
methods.

Future precision gravitational-wave detectors require high-precision theoretical
models of the dynamics of compact binary mergers which are encoded in gravitational-
waveform templates [27]. To construct accurate waveform templates there is input
from a variety of complementary approaches, including the effective one-body (EOB)
formalism [28, 29], the gravitational self-force (GSF) formalism |30, 31], the nonrela-
tivistic general relativity (NRGR) formalism [32], numerical relativity (NR) [33-35],
black hole perturbation theory (BHPT) [36], and the post-Newtonian (PN) [37-12]
and post-Minkowskian approximations [13-51]. The upshot of the close synergy be-
tween these methods is the expected production of state-of-the-art predictions for
the dynamics of compact binary systems and which capture the effects of spin, tidal
deformations, and dissipative dynamics.

In principle, waveform templates can be produced entirely by solving Einstein’s
field equations numerically, since the exact solution to the two-body problem in GR
remains unknown. However, this is not a viable option since simulations in NR are
computationally expensive. As a result, complementary methods have to be consid-
ered. Approximate analytical solutions to Einstein’s equations can be obtained using



perturbation theory, solving the field equations order by order in a series expansion
for one or more small parameters. Here we focus on the inspiral phase.

The first, and historically traditional, approach is the post-Newtonian approx-
imation. This corresponds to the regime of small velocities, v?/c? < 1, and weak
gravitational field, GM/rc* < 1. Here, v and r are the relative velocity and posi-
tion between the objects, and GM/c? is roughly the Schwarzschild radius of each
object. Therefore, the PN expansion is a double expansion in two small parame-
ters, but these are related to each other in bound orbits through the virial theorem,
v?/c* ~ GM/rc*. At nPN order we have n + 1 terms, which in powers of G and
v? go as G"M0, G2, - -, G'v*". The current state-of-the-art for the conservative
two-body potential is 6PN [52-54].

A second approach is given by the post-Minkowskian approximation. This in-
volves an expansion in the weak field regime alone (in powers of GM/rc?), and so
is valid to all orders in velocity. The PM expansion includes the PN expansion
in the sense that the nPM correction generates all PN terms at fixed order in G"
once expanded in powers of v2. This approach is actually more suitable for the
scattering scenario of the two-body problem, i.e., unbounded or hyperbolic orbits.
Even though no gravitational-wave observation has been made for hyperbolic en-
counters, prospects for future LVK runs are encouraging [55]. Additionally, results
from the scattering problem can be translated to the bound-state problem via an-
alytic continuation of gravitational observables [56-58]|, or by obtaining an effective
potential through effective field theory (EFT) matching [59] or by using a relativistic
Lippmann-Schwinger equation [60]. Of particular note is the fact that consider-
able progress has been achieved in the PM framework by approaching the two-body
problem through quantum scattering amplitudes [59, 61-65]. This success has been
made possible by leveraging modern amplitudes tools that were developed for col-
lider physics, including spinor-helicity formalism (see e.g. [66, 67]), double copy
[68-70], generalized unitarity [71-73|, and incorporating powerful integration proce-
dures [74-77|. The current state-of-the-art for the conservative two-body potential
is 4PM [64, 65|, with results for the scattering angle and impulse partially known at
5PM [78].

The third approach is the gravitational self-force approximation. This is an
expansion in powers of the mass ratio of the binary, ms/m; < 1, that is, where the
mass of one compact object is much bigger than the mass of the other. The two-
body problem then reduces to solving for the geodesic motion of the lighter object in
the exact spacetime of the heavier object (e.g., Schwarzschild spacetime) and then
adding post-geodesic corrections in the mass ratio. Since the only small parameter is
the ratio of the masses of the system, results can be obtained to all orders in G and
so is valid in the strong-field regime. The computation of gravitational waveforms
for the case of nonspinning compact binaries in quasi-circular inspiral orbit at second
order in GSF was given in Ref. [79)].
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Figure 2. Regions of applicability of the PN, PM, and GSF approximations and NR in
parameter space for (left) nearly circular orbits, and (right) comparable masses. Figure
reproduced from Ref. [80].

The domains of applicability of the different approximation schemes (and numer-
ical relativity) is illustrated in Fig. 2. The results from all three approximations are
then combined using EOB formalism and the latter provides the entire GW signal
(inspiral-merger-ringdown), which can be further calibrated using NR simulations.

We will follow the scattering-amplitudes approach to the relativistic two-body
problem for unbounded orbits. Even though the idea of using scattering amplitudes
to obtain classical results in gravity is not recent [31, 82], it might at first seem strange
to start from a quantum theory. However, we only need to invoke the correspondence
principle, which states that classical physics emerges from quantum theory in the
limit of large quantum numbers. For the case of compact binary systems, the classical
regime of quantum scattering amplitudes emerges in the limit of: (1) large angular
momentum, J > i, and (2) large gravitational charges my, ms > Mpanac [83]-

The amplitude framework presupposes that the separation between the com-
pact objects is much larger than the typical size of the objects; thus, we can treat
the two bodies as point particles. For black holes, the point-particle approximation
seems appropriate given the black hole uniqueness theorem for asymptotically flat,
stationary solutions of Einstein-Maxwell equations (see e.g. [84]). This theorem
implies black holes are characterized by their mass, angular momentum, and elec-
tric charge — not unlike elementary particles. The dynamics of charged black holes
(Reissner-Nordstrom) in the context of binary coalescences has received considerably
less attention in the literature than the nonspinning (Schwarzschild) and spinning
(Kerr) uncharged black hole solutions. This is because astrophysical black holes
are expected to be electrically neutral within the Standard Model [85-87]. However,
models of minicharged dark matter [88, 89] and dark photons [90, 91], could allow as-



trophysical black holes to be charged and be described formally by the Kerr-Newman
black hole solution [92]. This makes the study of charged BBH systems not only a
subject of formal interest, but also of relevance for future precision gravitational-
wave detectors and motivates our study. Recent work in Einstein-Maxwell theory
has seen the two-body potential computed at 2PN order [93], the three-body poten-
tial computed at 2PM order [94], and the scattering angle computed at 3PM order
[95].

In the present work, we determine the two-body Hamiltonian for charged, spinless
compact bodies at the 2PM order. The conservative dynamics is encoded in the four-
point scattering amplitude of massive particles coupled to Einstein-Maxwell theory.
From the Hamiltonian, we also compute the scattering angle of the two massive
bodies at the 2PM order. Unless stated otherwise, we use units where c = h = ¢y = 1,
and use a mostly minus metric convention, diag(n,,) = (1, —1, -1, —1).

2 Kinematics and QFT Framework

2.1 External Matter Kinematics

We describe the dynamics of two charged, spinless compact bodies by considering
the scattering of two massive complex scalar fields, which interact via the exchange
of massless photons and gravitons

¢1(=p1,m1) + Pa(—pa2, m2) = G1(pa, m1) + Pa(p3, ma) . (2.1)

We use an all-outgoing convention for external momenta, which is reflected above by
the minus signs in the momenta of the initial states. The on-shell conditions for the
external states are

pi=pi=mi,  py=pi=mj. (2:2)
The scattering process is completely characterized in terms of the Mandelstam vari-
ables

s=(p1+p)?, t=(p+p)?, u=(p+p3)?, (2.3)

subject to the constraint
s+t+u=2m3+2m3. (2.4)

Physical scattering processes correspond to the region s > (m; + my)?,t < 0, and
u < 0. Given that only two Mandelstam variables are independent of each other,
four-point scattering amplitudes are functions of only two invariants. We introduce
the following Lorentz invariant quantity®

P1 P2
mims’

(2.5)

!This is simply the relativistic Lorentz factor characterizing the relative velocity between the
two massive particles.
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Figure 3. Parametrization of external momenta for scattering states.

and choose to parametrize the scattering amplitudes by the Lorentz invariants o and
t = ¢%, where ¢ = p; + pa is the four-momentum transfer. In terms of these two
variables, the physical scattering region corresponds to o > 1,¢?> < 0,u < 0.

We restrict our attention to the case of elastic scattering. For elastic scattering,
the external momenta in the center of mass frame are given by

o9 N v B (5 R R

where Ey5 = (/p?+mi,, and Eq. (2.2) implies p*> = p’>. In the center of mass

frame the momentum transfer is purely spatial, therefore (—¢*) = ¢*.

Following Ref. [96], we parametrize the external kinematics in terms of special
Sudakov variables [97] in order to facilitate taking the classical limit of quantum
scattering amplitudes later on. In terms of these new variables we have

-0, me—(m+]). mem-L mem+l @7
D1 (pl 5) P2 p2+2 » P3=DaT 50 Pa p1+2- (2.7)
The kinematics for the scattering process is summarized in Fig. 3.

It is easy to show that the barred momenta p; are orthogonal to the momentum

transfer ¢,

_ 1 _ 1

proq=5i=p) =0, p-q=53—p3)=0, (2.8)
by virtue of Eq. (2.2). Given that s = (p1 +p2)? = (p1+p2)?, the physical scattering
region is the same as before: s > (my + my)?,t < 0,u < 0. Additionally, we define

barred masses

¢’ ¢’
R S R 29)
and four-velocities
ul—mla Uz—m2- 10)
Given the definition in Eq. (2.10), we deduce
U -q=uy-q=0, u=ui=1, (2.11)



from Eqs. (2.8) and (2.9), respectively. In analogy with Eq. (2.5), we introduce the
dimensionless parameter

y =2 g, (2.12)
mqime
which is related to o by the relation

2 2
2
(m3 + m2)cr+2 myime e O(q4) | (2.13)

2
8mims;

y=o+

In terms of this new variable, the physical scattering region in the s-channel is given
by y>1,¢><0,u<0.

2.2 Einstein-Maxwell Theory Coupled to Scalar Fields

A binary system of charged, spinless compact bodies with masses m;» and electric
charges e(); 2 interacting gravitationally and electromagnetically is described by two
complex scalar fields ¢, coupled to Einstein-Maxwell theory. The action for the
system is given by

S = Sen + SMaxwell T Smatter + SGF - (2.14)

The first term is the Einstein-Hilbert action

1
Spn = ——— [ d*zv/—gR 2.15
EH 167202 T giv, ( )
where G is Newton’s constant, R is the Ricci scalar, and ¢ is the determinant of the
metric g,,,. We will work in the weak-field regime and expand the metric around a
flat Minkowski background 7,,,

Guw = N + Khp, K= V321G, (2.16)

and where the quantum fluctuation around this background is identified as the gravi-
ton field h,,, a massless spin-2 field which mediates the gravitational interaction.
From the expansion of the metric we obtain expansions for the inverse metric field
g"” and for the determinant \/—g, namely

g;u/ — ,,,I;U/ — kh* —I—/{Qh“)\h’\"+ e

o (2 , 3} (2.17)
\/—_g:1+§hﬂy+—((h“#) — 2R W) -

8

As a result of the weak-field expansion, an infinite number of terms are generated
for the Einstein-Hilbert action which are organized as a series in powers of k. Next,
we have the Maxwell action

1
SMaxwell = _Z /d4$\/ _ggungJFMVFPU ) (218)



where F),, =V, ,A, -V, A, =90,A, —T%,A, —0,A, + 1", A, is the field strength
corresponding to the photon field A,,. The connection components I, are symmetric
under interchange of p and v, which reduces the expression of the field strength to
F., =0,A, — 0,A,. Expanding the Maxwell action to first order in , we get

1
SISIJZ)),XWEH = _Z /d4$ FMVF;Wa (219)
SNl = —g / d*a (W\F, F™ + AW F,, FY) . (2.20)

Next, we have the matter sector of the action which reads

2
Smatter = /d4$\/ —g [Z g'uy(vp,gbi + ZBQZA[AQSZ)T(vVQSl + ZeQzAV¢Z) - m3¢j¢l] )
=1

(2.21)
where the electric charge (); is in multiples of the fundamental charge e, and for
scalar fields we have V,¢; = 0,¢;. If we introduce the gauge covariant derivative

then the first few terms in the matter action expansion are given by

2
SO ter = / d'z [Z(Dmi)*(m@)—m?m] , (2.23)

i=1
2
St =5 [ dta [Z 25 ((Du60) (D) = miols:) - 2h“”<sz->*<Dy¢i)] ,
i=1

(2.24)

S (W%, = 2o ) (D) (D) — m2olar)  (225)

=1

2
2 K
Sr(nsitter = g /d4l’

+8 (h/“h”A _ %hﬁhﬂ”) (Duqﬁi)T(Dl,@)] .

The last term in Eq. (2.14) is Sgr and denotes the gauge-fixing piece. This term
is required in order to quantize the photon field A,, and the graviton field A, .
Common gauge choices are the Lorentz gauge for the photon field and the de Donder
gauge for the graviton field.

Since we will consider scattering amplitudes up to one-loop order, we only need
expanded the Maxwell action to first order in x and the matter action to second
order in k. The Feynman rules for the lowest order interactions vertices of photons
and scalars with gravitons follow from Eqgs. (2.20), (2.24), and (2.25).

We remark that the action in Eq. (2.14) is an effective description of the binary
system in the point-particle approximation. This approximation is valid when the



typical size of the objects R is much smaller than the separation r between them,
i.e., R < r. Nonetheless, finite-size effects can be incorporated by including higher-
dimension operators [98, 99].

2.3 Classical Limit of Scattering Amplitudes

One of the advantages of using quantum scattering amplitudes as our computational
tool for the two-body problem in the PM expansion is that our results are manifestly
relativistic, which makes them compact and valid to all orders in velocity. This
approach, however, introduces the additional complication of having to identify and
extract the classical physics encoded in scattering amplitudes.

From the correspondence principle, we know that the classical limit is the limit
of large quantum numbers. In the case of a binary system of compact objects, this
is the regime of large angular momentum J > 1 (in natural units) and of large
gravitational masses my,mo > Mpanac. The limit of large angular momentum is
equivalent to the limit in which the particles’ minimal separation? |b| is much larger
than the de Broglie wavelength, A\qg, of each particle,

|b|>>)\d]3: <~ JN|pr’>>1 (226)

1
p|
Adding the fact that |b| is the Fourier conjugate to the momentum transfer g, we
have the following kinematic hierarchy of scales

m ~ /s, mi,ma,|p| ~ J|q| > |q|, (2.27)

where m stands for some characteristic hard scale in the scattering process. From
the above hierarchy, we can construct the dimensionless parameter A = |q|/m < 1,
which is the expansion parameter that controls classical versus quantum corrections.
This last statement comes from the fact that restoring factors of A shows that A ~ h,
and so additional powers in A correspond to higher quantum corrections. However,
instead of using A as our small parameter to count powers of & we will use |q| and
talk of the small-|g| expansion of scattering amplitudes.

In the small-|g| expansion, classical, long-distance physics manifests itself in
scattering amplitudes as non-analytic terms in |q|, e.g., 1/|q|?, 1/|q|,In|q|, etc. This
is because, after Fourier transform, these terms give non-local effects in the form of
1/r™ potentials, as opposed to analytic terms in |q| which give local effects in the
form of §(r)-functions and correspond to short-distance interactions. Thus, we can
disregard any analytic terms and only focus on the non-analytic ones.

The classical contributions in scattering amplitudes can be isolated and extracted
by using the method of regions [100, 101]. In the context of the method of regions,
we learn that only the potential region yields the classical conservative dynamics we

2For a scattering process the relevant scale for the minimal separation is the impact parameter.

— 10 —



are after [59, 63, 102|. In the potential region, the four-momentum components of
internal photon and graviton lines scale as £ = (w,£) ~ (|q||v],|q|), where v is some
small velocity parameter, |v| < 1. By using this scaling for loop momenta, we can
expand loop integrands we encounter in scattering amplitudes in the potential region.
Following Ref. [96], this is accomplished as follows. First, we expand loop integrands
in the soft region; that is, we perform a small-|g| expansion of the integrand. This
procedure is facilitated by using the special kinematic parametrization introduced in
Eq. (2.7) and leads to the hierarchy of scales

m ~ /s, my,ma, ;| > lq| ~ |€]. (2.28)

In the soft region, photon and graviton propagators have a trivial expansion since
they both have homogeneous scaling in powers of |¢|, but matter propagators do not
have a homogeneous |g|-scaling and have to be expanded,

(—pP—mi E—2p 0 Croplhl-g m2u-l mQu-02
(2.29)
so that each term in the expansion is homogenous in |g| ~ |¢|. After the soft expan-

1 1 1 1 1 1 24+10-q

sion, we expand in the potential region — a subregion of the soft region. In the poten-

tial region, the normalized velocity four-vectors u; scale as uf = (u?, u;) ~ (1, |v]).

The expansion of the massless and matter propagators is given by

2 4
R L S . (2.30)
€2 CL)2 _ £2 £2 (£2)2 <£2)3
1 1

= . 2.31
2u; - 0 2(Wdw — u; - £) (2:31)

The resulting integrals can then be evaluated by traditional integration methods, by
using computer software, or by the method of differential equations [75-77|. Inte-
grands only have to be expanded to leading order in the velocity, |v|.

3 Scattering Amplitudes in the Potential Region

3.1 Tree-level Amplitudes

We start by computing the 2 — 2 tree-level scattering amplitude between two charged
scalars in scalar Quantum Electrodynamics (SQED). Recall that we will work in an
all-outgoing convention for external momenta. The relevant Feynman vertex rule is
the 2-scalar-1-photon vertex given by

N = —ieQi(p —p)” (3.1)

— 11 -



In turn, the scalar QED tree-level amplitude is given by

\ /
p4\\ /p:a

/ 62
B ) = S, = %QQ (4p1 - p2 + ¢°)
2} / \pz (3.2)
/7 \
7 \
_ 62@1@2

(4mimao + %),

e
where in the last equation we used Eq. (2.5). Going back to our discussion of Sec.
2.3, we disregard any terms in the amplitude which are analytic in ¢*>. Hence, the
scalar QED tree-level amplitude in the conservative (potential) region, which we
denote with a subscript (p), is then given by

2
e
ue (00q) = i;QQ (4mymso) (3.3)

Next, we compute the tree-level scattering amplitude in gravity due to a single gravi-
ton exchange. For this, we need the 2-scalar-1-graviton vertex rule

p’l
1K

RARR — 5 [puplu + pz/p/,u _ n#”(p . p/ + m?)} : (34)
v
\

as well as the graviton propagator which, in D = 4 space-time dimensions and in the
de Donder gauge, takes the form [103, 104]

AAARAAA Z.P/WOC/B i 1 a, vp B, va v, af
jpy SOPAARR off = [0 P — gyl (3.5)

_q2+i€:q2—|—i5§

The tree-level scattering amplitude is then

\ /
9 p4\\ /lpd 167G 2 9 2 2
MtGree(O.,q ) = ) /WN\ ) = 7 [mlm2 —2(p1-p2)” — ¢ (¢ -pz)}
14 W2 (3.6)
/ \
/ \
_ 167TGT%m§ (1 P oq? ) |
q mq1mso

- 12 —



and so the corresponding amplitude in the potential region is

167Gmim3

MEC(0,¢°) = 2 2(1 - 207). (3.7)

Combining Eqs. (3.3) and (3.7), the scattering amplitude in Einstein-Maxwell theory
at 1PM order in the potential region is given by

62@1@2
e

167Gm?m?2
Ml:%ﬂ—%ﬂw

(dmymoo) . (3.8)

3.1.1 Restoring A

Before moving on to one-loop amplitudes, let us examine the A-scaling of the tree-level
amplitudes we just calculated. This will determine the order in A which produces
classical results since the Fourier transform of Egs. (3.3) and (3.7) gives rise to the
nonrelativistic Coulomb and Newtonian potentials, respectively.

When £ is restored, we must look at the dimensions of the coupling constants.
In electrodynamics and gravity, a factor of 1/v/A multiplies the couplings: e/vh =
Vara, k = /321G /h. In addition, we learned in Sec. 2.3 that counting powers of
h is equivalent to counting powers in |g|. Putting it all together, we find that by
making factors of A explicit

ree e*Q1Q
22,(p)(a’ q’) = 7713;2 . (4myimao),
3.9
tree 2 167TGm%m% 9 ( )
MG,(P) (07 q ) - h3q2 (]. — 20 )

Hence, classical contributions in scattering amplitudes scale as A=3. Quantum cor-
rections, then, correspond to terms that scale with additional powers in .
3.2 Feynman Integrals
3.2.1 Notation and Conventions of Feynman Integrals
A D-dimensional L-loop Feynman integral is an integral of the form [105]
L

AP0\ N - el - pr})
I(pr,...,pgsm?, ...,m%v: D :/ ” 2e J ke . (3.10
(i PRI i D) ( g <2w>D> R RS A

j=1
The integral is a function of the external momenta py, ..., pr and propagator masses
m?,...,m%, where v = (v1,...,1,) is a vector of integers and D is the space-time

dimension, which we take to be D = 4 — 2e. Evaluating Feynman integrals in
general D dimensions is a reqularization scheme called dimensional reqularization
[106, 107]. Its purpose is to regulate ultraviolet (UV) or infrared (IR) divergences
that one encounters when computing loop integrals. The measure is multiplied by p?€,
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which is a dimensionful scale introduced so that p**d”¢; in D = 4 — 2e dimensions
has the same mass dimension as the measure d*¢; in physical D = 4 dimensions.
The numerator factor N is a Lorentz invariant polynomial of dot products between
internal loop momenta, or between internal loop momenta and an external momenta.
Finally, the momenta ¢; appearing in the propagators are linear combinations of the
external momenta and the internal loop momenta

L B-1
q; = Z&ji& + Zﬁjzpz‘, i, By € {—1,0,+1}, (3.11)
i=1 i=1

where the second sum goes to £/ — 1 due to momentum conservation Zil pi = 0.

We will adopt a different normalization for the integration measure factor than
that of Eq. (3.10). Following the convention of Ref. [108], we remove a factor of
i(4me™7E)¢/(47)? per loop, and define

(B%)" = (dme™ 77 pu), (3.12)

where vg is the Euler-Mascheroni constant, so that

dPe;
J (3.13)

5 APl
= et ——=L
a (2m)P (47T)2'u imD/2

J ¢ —2€ _YEe€

To summarize, we will be evaluating Feynman integrals of the form

L

Dy VEe . .
f(pl,.--,pE;m?---7mi;z;D)=/<Hd e > An“%g by pib) (3.14)

i imD/2 szl(q] m?+i5)”j

and multiply the end result by a factor of ij1*/(47)? per loop to recover the physical
integration measure factor 1/(2m)P.

3.2.2 Power counting in h of one-loop integrals

Recall that classical contributions from amplitudes scale as A=2. Given the scaling
of the electromagnetic and gravitational couplings 1/ Vvl and the fact that one-loop
diagrams carry four powers of the coupling, this means we have a factor h=2 alone
just from the couplings. The remaining factor of A~! required of classical pieces can
therefore only arise from non-analytic terms in the amplitude of the form 1/ \/—_q2 :

At the one-loop order, the square root non-analytic term arises from diagrams
with two photon propagators in scalar QED and two graviton propagators in gravity
[109], which reduces the topology® of Feynman integrals that have to be considered
to just two: the box and crossed box topologies. However, when using the barred
momenta of Eq. (2.7) the crossed box topology is related to the box topology through

3An integral topology is just a list of the linearly independent propagators present in a given
family of Feynman integrals.
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the mapping u; — uy, us — —us. Therefore, we only really have to consider the box
topology.

A generic integral in the box topology is of the form

i / dPeee 1
N () e (R (R

(3.15)

<

where we have omitted the full functional dependence of the Feynman integrals and
left the Feynman ie-prescription implicit for the sake of notational simplicity. In
addition, we will indicate the vector of propagator powers as a subscript.

If one of the propagator indices is a non-positive integer, the box integral reduces
to a triangle integral; if two of the propagator indices are non-positive, we obtain
a bubble integral; if three propagator indices are non-positive, we are left with a
tadpole integral. Since we need two massless propagators to generate the square
root non-analytic term, we can disregard the tadpole integral.

We can also ignore the bubble integral because of its h-scaling. Recall that
massless propagators remain unchanged when expanding in the soft region. If we
now restore factors of A and use the fact that the loop momentum ¢ scales like the
momentum transfer ¢ in the soft region given the hierarchy of scales in Eq. (2.28),
we find*

. 1—loop 92 11 92 41D 1 1

iMipie ~ ﬁfo,o,m ~ 2 h'd 671262 R —qR (3.16)
where ¢ is the coupling constant, either a or G. This shows that the bubble integral
scales as h™2, so it does not produce any classical contribution. A similar analysis
shows that the triangle and box integrals have appropriate scalings to contain classical
pieces, as we will see explicitly in the following subsection.

It will be useful for later to introduce the integral family with linearized matter

propagators

dPleree 1
1I
- . d
- | o e T 47

AN

3.3 Scalar QED One-loop Amplitudes

Insofar as classical contributions are concerned, the one-loop amplitude can be de-
composed as

MLTP(0,¢%) = My + ML+ ME+ M5 (3.18)

4We scale the integration measure in powers of i in dimensional regularization as if we were
working in D = 4 dimensions.
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that is, a sum of two triangle diagrams, a box diagram, and a crossed box diagram.
For the triangle diagrams, we will need the 2-scalar-2-photon vertex rule given by

\ oy = 2ie’QinM" . (3.19)
TN
\
\
The right-triangle diagram
N\, //
p N
b ,/]93
iM(o. )= b M (3.20)
! \ P2
bt . \
] \
7 \
has an associated Feynman integral given by
_ dPlevee (2py —0) - (=2p1 +q+{)
b= 2¢"Q30; / : 3.21
iMa e Q@3 inP/2 [(0— p1)2 — m? +ie]2( — q)? (3.21)

To extract the classical contributions, we follow our discussion of Sec. 2.3. First,
we expand the integrand in the soft region. Using Eq. (2.7), we can rewrite the
integrand in terms of the barred momenta, simplify the numerator product, and
obtain the integral

dPlevee  —Am2 —4py L+ L -q— 12
inP/2 (02 4 2py -0 — 0 q+igll2(0 —q)%

iMS, = 2e*Q1Q3 / (3.22)

The next step is to expand the massive propagator in the soft region using Eq. (2.29)
so the resulting terms have homogeneous |g|-scaling

dD€€7E6_4m2_4]j ,€_|_£q—€2 1 1
ML — 26402 2/ 1 1 —
ZMez; (& Qle Z»ﬂ_D/Q gQ(g_q)Q mi 2u1-€+i€
1 PP —1l-q

m% (2U1 i + i€)2
(3.23)

By restoring factors of h, we determine that the leading order term in A scales
classically, i.e. as A~3, and is given by

dDEGVEE —4m1
imP2 (2uy - 0+ i)l (0 — q)?

Mz = 200303 | = (e QR -

(3.24)

— 16 —



Having identified which term contributes to the classical physics, we then expand the
integrand in the potential region by using Eqs. (2.30) and (2.31). For convenience,
we will perform the calculation in the following reference frame

=(1,0,0,0), wuy=(V1+2%0,0,v), ¢=(0,q,0), (3.25)

where we had to careful so Eq. (2.11) is satisfied, and where v = /y?> — 1. Our
integral expanded to leading order in the potential region in this frame takes the

Toe dP-1g dw
Jire € / / . 3.26
W= 5o | Cee—qf * ) w1 (3.26)

The w integral can be performed by symmetrizing over the energy component

dw 1 dw 1 dw —i £/2 —im
/Qw—i—ia_> 2/2w+i5+2/—2w+z’5 2 CL)<;J2—|—(5/2)2 2 ( )

We are left with only an integral over the spatial components, which can be written
IL(p) ewc\/‘ dP-'e 1
Jionn = DR P — g (3.28)
This integral is given in Ref. [108] and the final result reads

e VILG — TG+ )
20 (1 — 2¢)

form

in the form

Ty = —(—¢?) (3.29)

Multiplying this result with the numerator factor of Eq. (3.24) and by the factor
ifi*¢/(4m)?, we conclude that the right-triangle diagram in the potential region is

given by
1 _ —€ T eVEED (2 — €)2T(L +
M,y = 864 Q2Q3 0V TG 9T e (3.30)
P (4m)2 \ p? / —q? 2I°(1 — 2e)
The same procedure when applied to the left-triangle diagram
\ 7
\ b 4
p
p4\\ | ’
iMuo )= X b (3.31)
P1
<. P2
/// \

reveals an equivalent expression to the one we obtained for the right-triangle diagram
but exchanging m; and my

(3.32)

—¢*\ /Ty €T (3 — €)°T (5 +¢)
E V-7 2T (1 — 2e) '

1
< _ 4122
My =i (5

— 17 —



The box diagram
iMa(o,¢%) = Lo : (3.33)

has an associated Feynman integral given by

— 1Q2Q? / dPleree [(2]91 —0)-(2p2 + 5)} [(—2191 +q+0)-(—2ps—q—¥)

imP2 (0 —p1)? — m3 +ie][(0 + p2)? — m3 + ie]l2(0 — q)?
(3.34)
Expanding in the soft region, we obtain

dPeer=* [4py - Py + 2(p2 — p1) - £ = C)[4P1 - P2 + 2Pz = P1) - £ = (€ = q)’]
O _ 41212
Me4 =€ QlQQ/ inD/2 62(6—(])2

1 1 1 2—1-q
XN N — =~ = g T
my 2uy - 0 +ie  m3 (2uy - £+ ie)?

1 1 1 ?—1-q
XN N =~ =3 — t+- ]
Mo —2ug - L +ie  m3 (—2uy - £ + ic)?

(3.35)

If we now restore factors of A, the leading order term in A scales not as h~3, but
as h™*. This type of terms that exhibit an enhanced classical scaling are referred
to as superclassical terms. Superclassical terms cancel when computing physical
observables, so they do not have any physical significance. Even so, we still need to
compute them since they are required to cancel in the matching procedure between
the full theory and the effective field theory that we will discuss in Sec. 4.
The box superclassical piece in Eq. (3.35) is
toctgp PP [ L
M1 i (2uy - L+ ie)(—2ug - L + ie)2(L — q)?
= 16e* Q1 Q3mymay® Ji 11 (3.36)

Expanding the integral in the potential region at leading order in v in the frame of
Eq. (3.25), we get

I,(p) G’YEedD 1£ 1 / dw
T = / inPl2 028 —q)? ) (2w+ie)(—2w+2vz - L+ig)’ (3:37)

where 2 is the unit vector in the z-direction. The w integral is performed by closing
the contour in the complex w-plane in, say, the upper half plane and using the residue
theorem. We obtain

g, = -V [ a1 1

LiL = (D-1)/2 (22 - £ +ic)l2(L — q)?

(3.38)
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The spatial integral can be found in Ref. [108], and the result is

il (—€)?T(1 + ¢)

1
11, —1—e_~Ee
(») ( q2) 1 e ( 6) ’

1,1,1,1 = \/y27_1

where we substituted v = /y? — 1. Multiplying this expression by its numerator
factor 16e'QQ3m moy* and by iji*/(47)?, we conclude that the box superclassical

(3.39)

term is given by
1 dmmymay? €T (—€)’T(1 + ¢€)
—¢*) /2 -1 21" (—2e) ’

where the superscript (—4) indicates its h-scaling.
Going back to Eq. (3.35), the classical terms are the next-to-leading order terms

2\ —€
O(-4)  qpdn2q2 L —q
M) =16¢'Q1Q; e ( e ) ( (3.40)

in A in the expression. After a little algebra, these terms are given by

10202 / dPlerse _ 8may B 8myy
ez | ipD/2 (2up - €+ ie)2(0 —q)2  (—2uy - £ +ie)l2(( — q)?

N 8may*q* N 8mi1y*q*
(2uy - L+ i€)?(—2ug - L+ 1) ?2(0 — q)?  (2uy - € +ic)(—2uy - € +ic)20%(0 — q)?

B 8may? B 8myy?
(2uy - L+ ie)?(—2ug - £+ i)0?  (2uy - £+ ie)(—2uy - { + ig)?(?

_ 8m2y2 _ 8m1y2
(2uy - L+ ie)?(—2uy - L+ i) (0 — )2 (2uy - L+ ie)(—2ug - L+ ie)*(0 — q)? |

(3.41)

Above, we have highlighted in red and blue the terms whose integrals are zero.
The integrals are zero because they are scaleless, and scaleless integrals vanish in
dimensional regularization [105]. A scaleless integral is an integral that does not
depend on any external scale, like masses or dot products of external momenta. By
virtue of Eq. (2.11), the only dimensionful scale that remains after the soft expansion
is ¢>. The terms in red plainly do not depend on ¢? and so are scaleless; therefore,
they vanish. For the terms in blue, by doing a change of variables ¢/# — (#* + ¢* and
using the orthogonality property in Eq. (2.11), we can show they are identical to the
terms in red and so they vanish too.

We are left with the expression

€4Q?Q§ [ — 8y (m2<]{,10,1,1 + ml‘]é,ll,l,l) + 8y2q2 (m2J§,11,1,1 + ml(]il2,1,1) ] ) (3‘42)

where we now have to expand and evaluate the integrals in the potential region. The
linearized triangle integral Jf(’)(ﬁ?l is given in Eq. (3.29), and the other linearized

triangle integral Jéﬁ(ff?l is identical to the former

11, 11,
J0,1E‘11]?1 = J170(,€?1 ) (3-43)
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since we get identical spatial integrals after performing the energy integrals. The
remaining unknown integrals can be expressed in terms of simpler known integrals
by using integration-by-parts (IBP) relations [74]|. These relations are a consequence
of the fact that surface terms vanish in dimensional regularization. To be concrete,
given Eq. (3.10) for a generic D-dimensional L-loop Feynman integral, then

9 N - s U - pr}) :
dPe,— |v* S = 1<i<L 44
] 15 [ M —me i | O P=ist B4

where v* is any Lorentz vector, e.g., external momenta or internal loop momenta.
The above type of equations will give rise to linear relations in the propagator expo-
nents between Feynman integrals of a given family.

Using IBP relations it can be shown that

(=D 10 = g e

Putting everything together in Eq. (3.42) and multiplying by 1%/ (47)?, we conclude

11, 11, 4—-D 11, 2e 11,
Ty = Jigty = 2 Tt (3.45)

that the box classical term is given by

0(—3) 4242 1 —q
4 =38
M () Qe (47)2 ( 2 2I'(1 — 2¢)

(3.46)

_y—l

Ve

The final diagram is the crossed box diagram

»
iM% (0,¢%) = M , (3.47)

/( \\
for which we find that
®(—4
ME =0, (3.48)

)Tl () gL,

M(-3)  o.4n22 1
Me“,(p) = 8e Q1Q2 (471’)2 ( ﬂQ

y+1 2T (1 — 2¢)

(3.49)

Ve

Combining all of our results for the triangle and (crossed-)box diagrams, the scalar
QED one-loop amplitude in the potential region is given by

_ 1 -2\ | 1 dimmymay? BT (—€)?T(1 + €)
M 0P = 8e*Q1Q3 < 7 )
=(®) P (4m)? 2 (—¢%) /2 —1 I'(—2e) (3.50)
1 o dey? \ €T (L = €)2T(L + ¢) ‘
1—
+ _QQﬁ(m1+m2) ( y2_ 1) 2F(1—2€)
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3.4 One-loop Amplitudes in Einstein-Maxwell Theory

For the computation of the one-loop scattering amplitudes in gravity, which include
diagrams with graviton propagators only and diagrams with both graviton and pho-
ton propagators, we employ the numerical unitarity method [110-113] using the
CARAVEL [114] framework. The numerical evaluations performed will give numer-
ical values of the integral coefficients associated with a basis of master integrals.
Analytic expressions are then determined using a procedure known as functional
reconstruction [115, 116].
The one-loop amplitude in pure gravity in the potential region is given by

1 <—q2)—€[( 1 imimyma(l — 2y%)2 €T (—€)2T(1 + €)

Ml loop 512772G2m1m2

e\ ) | a1 F(=2¢)
| oavE ) W €T (5 —€)T(5 +¢)
_ _QQT(ml Fm2)(L =5 ) g ’

(3.51)

and the result for the one-loop amplitude in Einstein-Maxwell is

MlG_G;C:?;) = 647TG627’7’L1 Mo

L =\ | 1 im@QiQemummay(1 — 2y®) €7D (—€)°I'(1 + ¢)
G| ;

(4m)? \ p? —¢?) V2 —1 (-2
1 VTl - ) L NPT )T (5 +e)
=7 (@Qhma + @3m) (L= 397) = 12Q:Qa(m + may) — o
(3.52)

The 2PM scattering amplitude in Einstein-Maxwell theory in the potential region is
then given by the sum

My = M@ P + Mg+ M 0P (3.53)
4 Effective Field Theory

4.1 Lagrangian Description

Having calculated the 2PM scattering amplitude in Einstein-Maxwell theory, we will
now extract the effective Hamiltonian describing the classical dynamics of a compact
binary system by matching the full theory amplitudes to an EFT. We follow the EFT
framework of Ref. [59], which describes two nonrelativistic massive scalar fields ¢, o
interacting through a non-local in space potential. In the center-of-mass frame, the
Lagrangian of the system is given by

- Z/ 'k L al(w) (10— ez k)

B ledelk, Nt o -
/ (271.)13_1 (27T>D_1V(k7 k )(bl(k: )¢1(k)¢2< k )¢2( k)

- 921 —



This EFT is obtained by integrating out the off-shell potential graviton and photon
modes from the full theory and taking the nonrelativistic limit, so that anti-particles
are absent. The form of the potential in momentum space is given by the following
ansatz® [102]

0 (D-1)/2 1 2 )
VoK) - 3 (1/2)" (4n) T[(D—1—n)/2] (k: ;k )

1| D—1-—n T 2
~ k- K| (n/2) (4.2)
4w . (k2+k3’2> N 272 . <k2+k’2)
T lE—RkP2TU 2 k—k| 2\ 2 ’

where the ¢, are free coefficients that are fixed by EFT matching and encode the
conservative dynamics, and n labels the PM order at which ¢, contributes.

4.2 Scattering Amplitudes

From Eq. (4.1) we can derive the Feynman rules of the EFT,

(ko, k) _ ! >< — _iV(k, ) (4.3)
— -V rmitic s '
’ kK

and subsequently construct the EFT amplitudes. The topology of the EFT am-
plitudes is given by iterated bubbles due to the absence of anti-particles. At 2PM
order, we only need to consider two diagrams: the contact term in Eq. (4.3), and
the diagram with a single bubble. Recall that we work in an all-outgoing momenta
convention.

For the EFT scattering amplitude at 1PM order,

p P
IMPTT = >< = —iV(-p,p). (4.4)
p P

only the first term of the series in Eq. (4.2) contributes. The result is given by

MlEFT = C1 (p2) ) (4-5)

where we substituted g = p + p’ for the momentum transfer, interchanged q? with
(—¢?) since the momentum transfer is purely spatial in the center of mass frame, and
used the condition p? = p’? valid for elastic scattering.

°In contrast to Ref. [102], here we absorb the coupling constant inside the ¢, coefficients since
we have two couplings in the theory, a and G
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The EFT amplitude at 2PM order is given by a sum of two diagrams

where we now substitute the second term in the potential for the contact interaction,
but substitute the first term in the potential for the vertices in the bubble diagram.
We get

272
MET =~ 2T, )
—q
1 -\ 1 il B e (—€)?I(1
+ 327 2(‘2) 2 T 6%6 SJENLEAL
(47) H (—=@%) mymg/y? — 1 ['(—2¢)

1 327‘(‘2 1 —(]2 € ﬁ _€2E1E2(E1 + EQ) E12 — E1E2 + E22 C2
(471')2 m%m%(gﬂ - 1) 2E1E2(E1 + Eg) 1
2E By

=T (3 — €)*T'(3 + ¢)
——— ¢
Ey + By

T(1— 2€) S
(4.7)

where in the above ¢; is a function of p? = p* — g?/4 since for the bubble diagram we
expanded in the soft region in order to facilitate the extraction of the superclassical
and classical terms®; ¢ denotes the first derivative of ¢; with respect to p*, and
the ellipsis stand for higher-order quantum corrections which are irrelevant for the
classical physics.

4.3 EFT Matching and Conservative two-body Hamiltonian
The EFT in Eq. (4.1) reproduces the same classical physics as the full theory in the
potential region. Thus, we require

M,, = AE, By MEFT (4.8)

at every order in the PM expansion. In the above, we divided the full theory scat-
tering amplitudes by the nonrelativistic normalization factor of 4F; Fy in order to
perform the EFT matching. Then, the coefficients in the potential are determined
to be

Gm3m3 o 20105
= —>=(1-2 4.9
Cl E]_E2 ( g ) + 47TE]_E2 (m1m20-) Y ( )
o = G 3mim3(mi +my)(1 —50%)  dmimio(1 —22022)(E1 + Ey) (4.10)

5The ¢, coefficients will scale as A~™ when restoring factors of A.
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2EVES (B + Eb)

N Ge?
47

3Q1Q2m1m2(m1 + m2)a _ mlmg(Q%mg + Q%ml)(l — 30’2>
E1E2 4E1E2

4 Qngmfmg(l — 60'2)(E1 -+ Eg) _ Qngm?mga(l — 20’2)(E12 —+ ElEQ + E22)

E?E3 EE3(Ey + E»)

e'Q1Q3
1672

_ mi + Mo mlmga(El + Eg) _ m%m%aQ(Ef + E1E2 -+ E22>

* 2B\ Es P E? SESEX(E, + )

We note than when we substituted the results of Egs. (3.50)-(3.52) for the 2PM
scattering amplitude in Eq. (4.8) we replaced the soft variables (m;,y) with the
original variables (m;, o) since they differ by O(q?) corrections, as can be seen from
Egs. (2.9) and (2.13), which are quantum. The superclassical terms present in the
full theory and EFT canceled each other in the matching procedure, as we expected.
Also, we set the dimensional regulator € equal to zero for the classical terms in the
full theory and EFT since these terms are finite.

The conservative two-body potential in position space is then obtained by plug-
ging the above expressions for the ¢, coefficients back in Eq. (4.2) and taking the
Fourier transform of the momentum transfer |k — k’| and putting the external legs
on-shell, k* = k> = p?. The Hamiltonian for the system of two charged, massive
spinless particles is then

C 2 C 2
H(p,r):\/p2+m%+\/p2+m§+ 1|<f|)+ 2|§11|72)+~-. (4.11)

4.4 Scattering Angle

The scattering angle can be obtained from our Hamiltonian (4.11) by solving the
equations of motion. In Ref. [63], the scattering angle was expressed as a perturbative
series in inverse powers of the angular momentum J = b|p|, where b is the impact
parameter. At 2PM order, the scattering angle in the center-of-mass frames is given
by
dy  dy
2y = =+ =, 4.12

where the d; coefficients are defined in terms of the IR finite parts of the nonrelativis-
tically normalized PM amplitudes we computed in Section 3, which we will denote
as M. These are defined to be

o E1E2q_2 /

E\E,
dy = , _
YR p| !

F

da

\g| M. (4.13)
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For Einstein-Maxwell theory, we have

4rGmim3 e20,Q
/ 115 2 162
=——F 5 (1 —20%) — 4.14
Ml E1E2q2 ( o ) E1E2q2 (m1m2a) ) ( )
3T2G*m3im3i(my + my) eAQ2Q3(my + my)
My = L2 502 — 1) + —1 22 4.15
rGe*mims
SEBq [(Qfﬂh +Q3my)(1 = 30%) = 12Q1Qa(my + mz)d] ,
so the scattering angle is
v 2202 = 1) Gmuimy 20 € Q1Qs (4.16)
B 02 —1 J Vor—14r J ’
opM _ ST 502 — 1 G*m3im3 N 1 et Q2Q3 (4.17)
4\ /1+2w(—-1) J V1t 2w(o —1)32r J?
mims (Qima + Q3my)(1 — 30?) — 12Q1Q2(my + my)o | Ge?
1+2v(c —1) 16(my + mo) J2

where v = mymsy/(my + ms)?. Our result for the 2PM angle is in precise agreement
with the result of Ref. [95].

5 Project Plan

5.1 Short-term Plan

In the previous sections we have shown the progress we made so far in the program
that uses scattering amplitudes and effective field theory to solve the two-body prob-
lem in general relativity. Specifically, we focused on studying a binary system of
charged, spinless compact bodies and we derived the conservative two-body Hamil-
tonian of the system.

Our aim for the present work is to use it as a basis for a pedagogical, introductory
paper that is accessible for students new to this field. As such, we want to provide
as much details as possible for the central ideas and results. To this end, we will:

e Perform consistency checks of our result against known results available in the
literature, which includes the 2PL” Hamiltonian for scalar QED [117], the 2PM
Hamiltonian in Einstein gravity [63|, and the Hamiltonian for a charged point
particle in a Reissner-Nordstrom background.

e In Section 3, add the relevant Feynman diagrams which give rise to the scat-
tering amplitudes in Egs. (3.51) and (3.52).

"The post-Lorentzian (PL) expansion is an expansion in powers of the electromagnetic coupling
constant alone, including contributions to all orders in velocity.
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e In Section 4, expand on the calculations for the EFT amplitudes and matching
procedure and organize them more concisely, and (2) elaborate more on how
to derive Eq. (4.12) for the scattering angle from the scattering amplitudes.

e Contrast the methodology we used in this work with other methods used in
the literature such as generalized unitarity and double-copy constructions, and
other approaches such as the worldline EFT formalism [118].

5.2 Four-year General Plan
First Stage

Duration: 5-6 months.
Objectives:

(a) Computation of the amplitude for classical scattering of gravitationally and
electromagnetically interacting complex scalars at two-loop order.

(b) Calculation of gravitational observables at O(G?), O(G?*a), O(Ga?), and O(a?).

Activities: Extension of our model for charged black holes — two massive, com-
plex scalar fields coupled to Einstein-Maxwell theory — in the CARAVEL framework.
Deliverable: At least one published article in an indexed peer-reviewed journal.
Description:

As we go to higher orders in perturbation theory, one of the main obstacles to over-
come is the evaluation of complicated Feynman integrals that appear in loop dia-
grams. To make progress, we have to resort to computer tools. In this regard, numer-
ical approaches have proven quite useful, as evidenced by the one-loop amplitudes
in Einstein-Maxwell theory we computed using the CARAVEL framework, which im-
plements the numerical unitarity method. At present, the computation of two-loop
amplitudes in Einstein-Maxwell theory can be automated in CARAVEL. However, in
its current form, CARAVEL does not automate the expansion of the integrand in the
soft and potential regions. Therefore, the extraction of the classical contributions to
the scattering amplitude is not optimized in the current framework. To improve the
scalability of the entire project to higher-loop orders, classical contributions have to
be precisely identified and extracted within the CARAVEL framework so that quan-
tum contributions can be truncated away, decreasing the computational complexity
of the calculation. This will be the main focus of the first stage of the project. Once
this is accomplished, and the relevant amplitude for classical scattering is obtained,
the calculation of gravitational observables is straightforward.

Second Stage

Duration: 1 year.
Objectives:
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(a) Incorporate the effects of gravitational radiation on classical gravitational ob-
servables.

Activities: Implementation of the KMOC formalism into the CARAVEL framework.
Deliverable: At least one published article in an indexed peer-reviewed journal.
Description:

The scattering amplitude itself is not an observable, which is why the task of ex-
tracting the classical physics is not trivial. Classical gravitational observables can
be computed directly using the KMOC formalism [62], which can account for ra-
diative effects. In this formalism, an observable, AQO, is defined as the change of
an operator, O, between the in and out states in a scattering process, i.e. AO =
(out|OJout) — (in|Olin). In the classical limit, such an observable can be expressed
diagrammatically as follows

b2 D2

b1 D1

p3 by —pa
AO ~ i/qu 5(_2]91@)5(2172'9)6%'(’ AO }Z\/l:iiZ/dq)uX AM){E
X :
P4 b —m

The observable we are after is specified by a measurement function AQ acting on
the scattering amplitude M (first diagram), and on the amplitude to the left of a
unitarity cut (second diagram). This measurement function translates to a numerator
insertion or differential operator, neither operation currently available in CARAVEL.
Extending CARAVEL to handle such operations constitutes the main focus of the
second stage of the project.

Third Stage

Duration: 2-2.5 years.
Objectives:

(a) Computation of gravitational observables at three-loop order.

Activities: Extension of CARAVEL for the evaluation of gravitational observables
in the KMOC formalism at the three-loop order.

Deliverable: At least one published article in an indexed peer-reviewed journal.
Description: The last part of the project will be dedicated to extending CARAVEL
so that it can compute three-loop gravitational observables. At this loop order, po-
tential and radiation modes give rise to conservative dynamics — a phenomenon
known as the tail effect [119-121]. The distinction between conservative dynamics
and radiation is then not as cleanly separated as in the two-loop order, i.e., radi-
ation does not produce a purely dissipative effect. Additional loop diagrams and
integration region have to be considered [65]. This part of the project is technically
challenging, but once the computing infrastructure is up and running it will allow us
to push the cutting-edge.
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