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Compendio

La presente tesis ha tenido como objetivo principal el estudio del proceso pp — ttWW
a NLO en QCD. Este proceso constituye el fondo ("background") dominante del tipo
ttV'V para produccion de cuatro tops tttt, proceso que es de particular interés no
solo en la fisica dentro del Modelo Estandar, sino de aquella Mas Alla del Modelo
Estandar en el sector pesado, ya que se espera que posibles senales de nueva fisica
puedan manifestarse a través de este canal. Dado que la produccion de tttt es un
proceso extremadamente raro en experimentos como el LHC, resulta fundamental
contar con un control preciso de sus procesos de fondo.

En la literatura ya existen estudios previos de los procesos de fondo del tipo ¢tV , como
lo son ttZ y ttW a nivel next-to-leading order (NLO), con radiacion tipo cromod-
inamica (QCD) y/o electrodébil (EW) con algoritmos de Parton Shower (PS), que
han demostrado que resulta fundamental y absolutamente complementario integrar
ttV'V, donde V representa bosones vectoriales del Modelo Estandar, al compendio de
estudios de fondo, por lo que este trabajo es el primero en abordar este proceso a un
nivel profundo.

El objetivo ha sido proporcionar una prediccion tedrica de pp — ttWW en QCD
mediante un marco que permita acoplar PS, siendo este especificamente el método
POWHEG (Positive Weight Hardest Emission Generator). Este enfoque permite la
generacion de eventos mediante técnicas Monte Carlo con pesos positivos, al mismo
tiempo que trata la primera emision radiativa a partir de los elementos de matriz
exactos, lo cual es crucial para evitar el doble conteo de emisiones mas duras al
realizar el matching con los algoritmos PS.

La implementaciéon de este calculo se lleva a cabo dentro del framework POWHEG-
BOX, donde los elementos de matriz necesarios son generados mediante OpenLoops.
La informacion del evento se almacena en formato Les Houches.

Con ello, POWHEG permite usar un documento que tenga el formato correcto para
alimentar posteriormente al generador del shower (PYTHIA) encargado de simular
la evolucion completa de la cascada parténica y la hadronizacion.

A partir de esto, se obtienen las predicciones para observables inclusivas y exclusivas

vil
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del evento, incluyendo variables hadronicas, bosonicas, aquellas asociadas al quark
top, y al proceso completo.

Debido a las particularidades del esquema de matching implementado en POWHEG,
resulta pertinente realizar la simulacion en MG5 aMCQ@QNLO, que emplea un es-
quema NLO+PS distinto y que no requiere de la introduccion de funciones de amor-
tiguamiento (damping functions). Esta comparacion permite validar e identificar la
dependencia de resultados sobre los esquemas utilizados en las predicciones realizadas.
El desarrollo tedrico y numérico de este proceso requiere de la comparacion de diversos

aspectos fundamentales, los cuales se abordan en esta tesis:

e Fisica del quark top y su relacién con el boson de Higgs.

e Colisiones hadronicas y partonicas, por calculos a orden fijo y por parton show-

ers.
e Estructura y tratamiento de divergencias infrarrojas.

e Combinacion de calculos a NLO con Parton Showers, en particular, el método
POWHEG.

e Implementacién computacional del proceso ttWW.

e Resultados fenomenologicos y discusion

Finalmente, cabe recalcar que el valor de este trabajo no se limita al estudio de
ttW W, sino que también sirve para establecer los fundamentos teéricos y computa-
cionales necesarios para extender el analisis a los procesos secundarios de fondo, que

en particular son ttWZ y ttZZ, que seran objeto de futuros proyectos.



Resumen

Este trabajo tiene como objetivo estudiar las contribuciones a NLO QCD en el proceso
de produccion de ttWW en colisiones hadrénicas, emparejando los calculos a orden
fijo a "next-to-leading order" con efectos de cascadas de particulas (Parton Showers).
El emparejamiento de ambos marcos se realiza por medio del método POWHEG,
dentro del framework POWHEG-BOX, buscando evitar el doble conteo en la region
de radiaciones méas duras y generando pesos positivos en los procesos Monte Carlo.
Los calculos también se realizan en MG5 aMC@QNLO, que emplea un modo distinto
de emparejamiento NLO+PS y se comparan los resultados de las distintas observables
generadas en ambas fuentes. Al mismo tiempo, este trabajo es base para la contin-
uacion de célculos tipo tttV'V, donde V' denota bosones vectoriales, imprescindibles

para el estudio del proceso de gran interés fenomenologico, produccion de tttt.
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Abstract

This work aims to study the NLO QCD contributions to the ttWW production process
in hadron collisions, matching fixed-order calculations at next-to-leading order with
parton shower effects (Parton Showers). The matching of both frameworks is per-
formed by means of the POWHEG method, within the POWHEG-BOX framework,
seeking to avoid double counting in the region of hardest emissions and generating
positive weights in Monte Carlo processes. The calculations are also performed in
MG5 aMC@QNLO, which employs a different matching scheme, and results are com-
pared for different generated observables. At the same time, this work serves as a
basis for the continuation of calculations of the type tttVV, where V denotes vector
bosons, essential for the study of the process of great phenomenological interest, the

production of tttt.
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1 Introduction

1.1 History of the top quark

In 1964, CP violation in the neutral kaon system was first observed [1|. This implied
that the electroweak model had to be able to incorporate a mechanism capable of
explaining such a phenomenon while preserving the consistency of what had been

described up to that point.

In 1973, Makoto Kobayashi and Toshihide Maskawa [2] demonstrated that CP vio-
lation can exist in a physical way if there are at least three quark generations. The
inclusion of a third generation allows for the emergence of a complex phase that can-
not be removed by the redefinition of the quark fields, as is the case when only two
generations are considered. The presence of this irreducible complex phase causes
the quark mixing matrix to behave differently under CP conjugation, giving rise to

observable differences between a process and its CP-conjugate counterpart.

After the experimental discovery of the bottom quark in 1977 [3], it was just a matter
of time for the top quark to be discovered, and major efforts were made to continue
its search. But finding it was not an easy task, due to its large mass, comparable
to that of a gold atom (larger than previously thought) which required high energy

collisions for its production.

The experimental discovery of the top quark was finally reached in 1995 at Fermilab,
through the CDF and DO experiments [4,5], which operated at a center-of-mass energy
of /s = 1.8 TeV. Through these experiments, single and top-quark pair production
events were produced and observed, allowing for the first experimental studies on its
properties, including the first measurements of its mass.

After its discovery, experiments have focused on improving the precision with which
its physical properties are known, since the top quark plays a special role in the

calculation of quantities within the Standard Model (SM). For example, the correction

1



2 CHAPTER 1. INTRODUCTION

to the W and Z propagators receive dominant contributions from the top-quark mass

through the p parameter (when considering my, < m;) [6,7] of the form

N 3G me
Ap, ~ W (1.1)
Here, the quadratic dependence on its mass makes the top quark a fundamental piece
in electroweak precision fits. Similarly, phenomena associated with physics beyond
the Standard Model may manifest through deviations of the top-quark and Higgs-
boson observables from the SM predictions. In this regard, the operational start of the
Large Hadron Collider (LHC) in 2009 marked the beginning of a new experimental

era.

The first runs, globally known as Run 1 (2010-2012), were performed at center-of-mass
energies of 7 and 8 TeV. Subsequently, the Run 2 stage (2015-2018) operated at 13
TeV. After a period of upgrades in the accelerator (Long Shutdown 2), Run 3 began
in 2022 and continues to operate at 13.6 TeV. This substantial increase in the energy
with respect to the Tevatron allowed for a much more abundant production of massive
particles, such as the top quarks and Higgs bosons, and enabled the observation of
phenomena favored by higher energies. At the LHC, top quarks are predominantly
produced as ti-pairs and to a less extent in association with Z, W,~v and H bosons.
As these processes, as well as other rare ones such as tttt production, are crucially
important to study the top-quark couplings to SM particles and possibly to physics
Beyond the SM. This large statistical dataset has enabled an increase in the precision
of the determination of masses, decay widths, couplings, and also the study of rare
processes such as tttt production, as well as processes associated with Higgs boson

production |[g].

Nowadays, the ATLAS and CMS experiments at the LHC continue to explore the
properties of the heavy sector of the SM in order to search for anomalies that may

signal the presence of new physics.



1.2. A BRIEF OVERVIEW OF TOP-QUARK PHYSICS 3
1.2 A brief overview of Top-quark physics

1.2.1 The Top-Quark in the Standard Model

The electroweak sector of the Standard Model is based on the gauge group SU(2) x
U(1)y. Based on experimental data, left-handed fermions are postulated as doublets
under SU(2)y, while right-handed fermions are singlets. For example, the third-

generation quark doublet is written as [9],

QL= (2) (1.2)

where the two components have weak isospin third component T3 = 4+1/2 and T3 =
—1/2, respectively. Here, T3 denotes the eigenvalue of the diagonal generator of
SU(2)r. Right-handed quarks are postulated to be an SU(2)y, singlet, where T35 = 0,

which means that there is no interaction with the W boson.

The charged weak interactions connect the two components of the doublet through
the exchange of the charged gauge bosons W=, giving rise to charged currents such

as t — bW ™. These interactions are first written in the weak (flavor) basis as

g - g T _
Lw D =t "o Wt 4+ by, W™ 1.3
w \/EL'V L \/§L7 L ( )

On the other hand, after electroweak symmetry braking, the Yukawa interactions

generate mass terms for the quarks, with non-diagonal mass matrices,

EY = —QLYd(I)dR - QLYu(i)UR + h.c.. (14)

To obtain the physical quark states, unitary transformations must be performed on
the up-type and down-type quark fields independently to diagonalize the mass ma-
trices.

Because the rotations in the up and down-type sectors are different, the charged-

current interactions acquires a mixing matrix known as the Cabibbo-Kobayashi-
Maskawa (CKM) matrix,

Vud Vus Vub
Vekm = | Vea Ves Vb (1.5)
Via Vis Vi

This also changes the form of the £yy,. Now, in the mass basis, the weak interaction
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18
LD %&V“(thfm + Vigss, + Viad) W, + hec. (1.6)

Moreover, due to the hierarchy V4 < Vi, < Vj, = 1, the top quark decays almost
exclusively via t — bW, with a branching ratio close to 100 %. Its large mass implies
a very short lifetime, shorter than the typical hadronization timescale. Consequently,
the top quark decays before forming bound states, allowing direct access to its spin
and polarization properties through its decay products [10].

From this, a distinctive feature is the large Yukawa coupling of the top quark,

\/imt

v

Y = ~ 0.995 | (1.7)

which is the largest of the SM, and makes it strongly coupled to the Higgs sector.
This implies that it could play a special role in the electroweak symmetry breaking

mechanism.

1.2.2 Mass

In the Standard Model, fermion masses, my, arise from their Yukawa couplings, yy,

to the Higgs field after Spontaneous Symmetry Breaking (SSB). The relation is

v
\/Eyf 5

where v is the Higgs-field vacuum expectation value.

my = (18)

Among all quarks in the SM, the top quark is the heaviest and therefore possesses
the largest Yukawa coupling, y; ~ 0.995, implying a particularly strong coupling to
the Higgs boson. Due to this, the top quark plays an important role in electroweak

radiative corrections and in the scalar potential evolution at high energies.

Since the top quark carries color charge, it cannot be a physically observable free
particle due to the color confinement property in Quantum Chromodynamics (QCD).
For this reason, the top quark mass does not directly correspond to an observable
quantity in the strict sense of an on-shell stable particle, but it must be determined
through its decay products and carefully defined within a specific theoretical scheme.
The most precise determination of the top-quark mass comes from direct measure-
ments, where the kinematics of its decay products is reconstructed.

These measurements compare kinematic distributions that are sensitive to the mass

with simulations generated using Monte Carlo event generators. At the LHC, this
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ATLAS+CMS Vs =7,8TeV

............ ATLAS+CMS combined ot
stat uncertaint
total uncertainry

ATLAS m, * total (+ stat + syst) [GeV]

stat

dilepton 7 TeV e 173.79+1.42 (+ 0.54 + 1.31)
lepton+jets 7 TeV = 172.33+ 1.28 (+ 0.75+ 1.04)
all-jets 7 TeV H— 175.06+ 1.82 (+ 1.35+ 1.21)
dilepton 8 TeV H=— 172.99+ 0.84 (+ 0.41 0.74)
lepton+jets 8 TeV f—n—— 172.08+ 0.91 (+ 0.39+ 0.82)
all-jets 8 TeV — 173.72+ 115 (+ 0.55+ 1.02)
combined Hea+H 172.71+ 0.48 (+ 0.25 + 0.41)
CMS
dilepton 7 TeV —— 172,50+ 1.58 (+ 0.43+ 1.52)
lepton+jets 7 TeV —t———] 173.49+ 1.06 (+ 0.43+ 0.97)
all-jets 7 TeV [ ——— 173.49+ 1.41 (£ 0.69+ 1.23)
dilepton 8 TeV e 172.22+0.95 (£ 0.18+ 0.94)
lepton+jets 8 TeV HeH 172.35+ 0.48 (£ 0.16+ 0.45)
all-jets 8 TeV HeiH 172.32+ 0.62 (+ 0.25+ 0.57)
single top 8 TeV H—— 172.95+ 1.20 (+ 0.77 + 0.93)
Jhy 8 TeV K H 173.50+ 3.14 (+ 3.00+ 0.94)
secondary vertex 8 TeV —to—| 173.68+ 1.12 (£ 0.20+ 1.11)
combined HiH 172.52+ 0.42 (+ 0.14 % 0.39)
ATLAS+CMS LHC{opWG
dilepton H=H 172.30+ 0.59 (£ 0.29+ 0.51)
lepton+jets H=H 172.45+ 0.36 (+ 0.17+ 0.32)
all-jets =+ 172.60 % 0.45 (+ 0.26+ 0.36)
other H—=—H 173.53+ 0.77 (+ 0.43+ 0.64)
combined HiH 172.52+ 0.33 (+ 0.14 + 0.30)
11 | L1 1 1 | L | I I | I I
165 170 175 180 185
m, [GeV]

Figure 1.1: Comparison of ATLAS and CMS data at /s = 8 TeV for the m; mass meassured
thorugh different channels, and its combinations [11].

approach has enabled precision at the level of a few hundred MeV. The combined
results from the ATLAS and CMS experiments at 8 TeV, Fig. (1.1) have led to the

determination of the top-quark mass of [11]

mEHC = 172.52 4 0.14(stat) + 0.30(syst). (1.9)

In quantum field theory, the definition of particle masses requires a renormaliza-
tion procedure to deal with the unphysical ultraviolet divergences, UV (referring to
large momenta or energies) arising from radiative corrections. Depending on the
renormalization scheme adopted, for the top quark different mass definitions can be
introduced, [12|. For instance the pole mass is identified with the position of the

pole in the renormalized fermion propagator. Pictorially
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+ ﬁm + o= { (1.10)

Sl

Figure 1.2: Self-energy for the top-quark at higher orders.

Here, Yi(p) is the fermion self energy that arises from loop corrections to the propa-
gator. It shifts the position of the pole in the propagator and consequently modify
the mass of the fermion.

S(p,ml, ) = ml) (as(u)) [1 + In(4me ") + AT (m_?)] : (1.11)

m € L

Here, 41 is the renormalization constant, m? the mass of the propagator at tree level,
1/€ the pole after regularization in d = 4 — 2¢ dimensions, and A/ is the finite
contribution. The full propagator is obtained by resumming self-energy insertions to
all orders. The pole mass is then defined by the condition

det[p — m{ — X(p)] = 0. (1.12)

where Z(ppole) =204+ 3@ 4.
Solving equation (1.12) for p at first order in ay,

ppole ~ m? + E(1)(ppole)’ (1'13)
and substituting in E(ppole),
S(Ppe) = B0 +5V) = B(m]) + 8O (m) + -, (1.14)
which at first order in oy gives us
S(P00e) = N(mY). (1.15)
Then,
Py = 7 )+ 50 (md) (1.16)

This equation means that the repeated absorption and emission of virtual particles
modify the fermion propagator, shifting the position of its pole and consequently the

physical mass. After substituting equation (1.11) in (1.16),
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m? = m? {1 + <# E + In(47/e7®) +Aﬁ”(m?/u)D] + ..., (1.17)

This is the mass that within the perturbative theory defines the notion of rest mass
of the quark as an on-shell particle. And it is strictly defined within dimensional
regularization. It depends linearly on the renormalization scheme implemented to

deal with the infrared momenta.

In particular, in QCD, the one-loop self-energy contribution £ can be generalized
by inserting a series of vacuum polarization bubbles into the gluon propagator. The
resulting series diverges factorially at large orders. To deal with this, a Borel trans-
formation is introduced, which translates the divergencies to singularities in the Borel
plane. Due to that the contour defined in the inverse Borel transform to avoid singu-
larities is not unique, the pole mass on the top quark acquires an intrinsic ambiguity
of the order of Agep. [13]

Other renormalization schemes implemented to define the mass are

e the Modified Minimal Subtraction MS scheme, in which the mass absorbs only
the UV divergences of the quark self-energy. This mass is explicitly scale depen-
dent and evolves according to the group equations. Its running with the renor-
malization scales makes it the preferred definition for high-energy processes and

renormalization group analyses.

e the mass With Subtracted Renormalon MSR scheme that can be regarded as an
extension of the MS mass to scales below m,. It absorbs quantum corrections
above a chosen scale R, while preserving the cancellation of low-energy contri-
butions with real radiation effects. This makes it a short-distance mass free
from renormalon ambiguities and particularly suitable for observables whose

mass sensitivity is governed by scales much smaller than the top-quark mass

and the Monte Carlo mass, m®, which is a parameter defined within a Monte Carlo

generator.

The pole mass is not measured directly. It is extracted by comparing experimental
observables with theoretical predictions expressed in terms of the pole mass. Estab-
lishing a precise relation between the mass definition by means of kinematic recon-
struction and Monte Carlo methods, and the definition of the pole mass or the mass

calculated by other renormalization schemes is still an open area of research.
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1.2.3 Charge

As a member of the weak-isospin doublet, see equation (1.2), its electric charge follows

from the Gell-Mann—Nishijima relation

Y
Q:Tg—I—E, (1.18)

where T3 = +1/2 and Y = 1/3 for up-type quarks. Therefore,

2
Qi =+3e. (1.19)

being e the elementary electric charge.
The charge has been measured through experiments such as those performed in the
ATLAS collaboration, yielding a value of ¢ = 0.64 &+ 0.02(stat) £ 0.08(syst) [14].

Due to the confinement, quarks will form hadrons, in which case electric charge always
appears in integer quantities. The top quark is an exceptional case, as it decays before
hadronizing. Information about its charge is reconstructed directly from its decay

products.

1.2.4 Decays and Spin

Decays

The top quark is a 1/2 spin particle. At hadron colliders such as the LHC, the tops
are produced unpolarized. Since weak interactions couple only left-handed fermions,

the top quark decay is governed by the V' — A interaction.

Within the Standard Model at tree level, three decay modes for the top quark are
possible,

Figure 1.3: Top quark SM decays.

where the decay channel ¢ — bW is by far the dominant one by several orders of

magnitude due to the CKM matrix elements.
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The decay width at tree level (Leading Order) is

M M
T Loy = Lo (1 -3 me +2 mV().V) ~ 1.56 GeV (1.20)
t t

with Ty = Gpm?|Vis|?/(87/2) at the lowest order. By considering my, = 0, my = 0,
|Vis]| = 1 and My, = 80.4 GeV, I'y =~ 1.76 GeV. [15].

Considering radiative corrections at second order in QCD,

T(t — bW)/|Vi|* ~ 0.807 Ty = 1.42 GeV. (1.21)

Spin

Due to non-perturbative QCD interactions, hadronization in light quarks smears the

spin information of the original partons.

The case of the top quark constitutes an exception. Its large mass conditions its
lifetime and hadronization time, which respectively are

1 1
T~ — ~ 5 x 10755, Thad ~ ~ 107%s, (1.22)

¢ QCD

Hence, the top quark decays before it hadronizes, allowing the spin information to be

accessed by reconstructing the decay process.

By way of example, in the semileptonic decay of top quarks at tree level, the angu-
lar distribution of the decay width is directly correlated with the spin orientations
through [16]

1 dr 1

Fdeosx, 5(1 + | P|k, cos Xi), (1.23)

where s, ~ 1 at tree level in the SM, ; is the angle between the momentum of the

1-th product of the decay and the top-quark spin axis in the top-quark rest frame.

1.3 Background Processes

The experimental identification of a process at the LHC is performed through the
identification and counting of events with signal-like signatures. Disentangling the
underlying process responsible for each of these signatures can be challenging, espe-

cially considering the technical limitations of the detectors in identifying, for instance,
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Figure 1.4: Comparison between two gluon fusion processes leading to the same experimental
signature. Left: four top production, gg — tttt — etwvutu,bbbb jjjj. Right: top-pair
production in association with two W gauge bosons, and an initial state,g — bb radiation,
gg — ttWW 4+ g — etvoutu, 5555 bb + bb.

low-energy and collinear radiation. This becomes an even greater challenge when

searching for rare processes such as tttt production.

For events associated with top-quark production, one has t — W*b with W+ — [ty
or W* — 7. Both the b and the ¢ partons cannot be detected directly, due to color
confinement. Instead they are reconstructed as hadronic jets that are formed from
successive radiated particles that come from a primary gluon or quark, followed by
their hadronization, producing collimated spray of hadrons. Therefore, the final state
typically contains many jets, b-jets, leptons, and missing energy. In the left hand side
(Lh.s) of the figure 1.4, a possible final state for tftt is illustrated, where multiple
leptons and several b-jets are produced. Also, a possible final state for ¢tW+tW~—
is shown in the right hand side (r.h.s.). The latter can also yield a comparable
number of leptons and b-jets. In principle, the two processes could be distinguished
by the total number of jets; however, considering that the experiment may have
difficulties identifying all jets, or that additional bb pairs may be produced through
radiative effects, an accurate identification may become very difficult. Therefore, the

production of ttWW W™ represents a background of tttt.
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1.4 Single and di-quark production
Single top quark production

Js

2v/2

arises from the charged weak current interaction introduced in eq. (1.6) that couples

Lw D Vip [(9"(1 —7°)b] W + h.c.

up-type and down-type quarks through the exchange of a W boson, with a strength
determined by the CKM matrix.
In particular, the Wtb vertex couples top and bottom quarks and provides the mech-

anism for producing a single top quark through electroweak interactions.

On the other hand, top-quark pair production can be understood from the QCD

interaction term (see Section 2.3)

ACQCD D) gst ’}/ut TGGZ,

that comes from Eq. (2.22). Unlike the charged-current weak interaction, QCD
conserves quark flavor and, as a result, it does not contain vertices connecting quarks
of different flavor or different generations. As can be seen from Eq. (1.4), a gluon
couples only to quarks of the same flavor and cannot mediate transitions such as
b — t, then, the production of a single top quark requires the weak interaction

discussed previously.

Top quarks can nevertheless be produced through strong interactions in top-antitop
pairs. At the Large Hadron Collider (LHC), ¢t production is dominated by gluon-
gluon fusion, gg — tt, owing to the large gluon density inside the proton at the
energies probed by the LHC.

Pair production can be associated with additional particles, for example

pp — X, tEXY, (X,)Y =~,Z, W, H,j).

These production channels, which are worth highlighting because of their greater
complexity due to the larger number of particles in the final state, allow the investi-
gation of the coupling of the top quark to other particles, such as gauge bosons and

the Higgs boson.

Of course, the larger particle multiplicity leads to more complex event topologies,

increasing the challenge of reconstructing and identifying the final state. These final
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states require the identification of their own suitable associated experimental signa-

tures, as well as reconstruction techniques to identify each of the final-state objects.

1.5 Four-top quark production

Since the experimental discovery of the top-quark in 1995, many events with at least
one t have been produced. For instance, due to the much larger energies and luminosi-
ties in collisions at the LHC, during Run 2 from 2016 to 2018 around 300 million top
quarks were detected by the CMS collaboration [17], and around the same amount by
the ATLAS collaboration [18]. That enormous amount of data has allowed physicists
to study the main properties of the heaviest quark in the Standard Model and its close
relationship with sectors of great interest in physics, such as the previously mentioned
connection to the Higgs sector and, consequently, to the mechanism of electroweak

symmetry breaking.

However, not all processes involving top quarks are produced abundantly. Among
the rare processes is four-top production, ¢ttt production, of which only around 2000
events were observed during LHC Run 2 [17]. Despite the low amount of data the
analysis performed in the CMS collaboration allowed this process to be observed with
a statistical significance of 5.6 standard deviations, exceeding the 50 threshold con-
ventionally required for a discovery in particle physics. [17]. Owing to its sensitivity
to the top-Higgs interaction, this process provides a unique window into the Higgs
sector and possible effects of physics beyond the Standard Model. It can constrain
the total width of the Higgs boson and can be enhanced by beyond the Standard
Model scenarios where resonant states are present. So, the four top production could
provide a unique window into the search of a broad class of new physics, as that

related to the Higgs sector.

The tttt production process has been calculated at next-to-leading order (NLO) in
QCD [19], and later extended to include electroweak EW contributions and complete
QCD+EW predictions [20]. More recently, top-quark decays have been incorporated
using different approximations [21]. These calculations have also been matched to
parton showers [20]. Fig. 1.5 illustrates an example of ¢ttt production through gluon-
gluon fusion. In this diagram, a top-quark pair is produced together with a virtual

Higgs boson, which subsequently couples to a second top-quark pair.

On the other hand, a possible Beyond-the-Standard-Model scenario that may con-
tribute to an enhancement of the tttt is Two Higgs Doublet Model (2HDM) [22],
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|

t

Figure 1.5: tttt production from gg-fusion mediated by a virtual SM Higgs.

where a H/A — tt in association with a top-pair (fig. 1.6). Here H corresponds to a
new heavy neutral scalar while A to a neutral pseudo scalar particle both decaying to
tt. Direct searches for heavy neutral scalars have been carried out by the ATLAS and
CMS collaborations. Indirect searches, on the other hand, rely on precision measure-
ments of Standard Model Higgs-boson production and decay rates. In this approach,
possible deviations from the Standard Model predictions can provide evidence for the
presence of additional scalar states. Diagram in (fig. 1.6) can avoid the destructive
interference with the SM background which distorts the Breit-Wigner peak in the tf
mass peak [23].

|

t

Figure 1.6: ¢ttt production mediated by H/A Higgs bosons from a 2HDM.

In the following, a general discussion of the differences between various channels used

to search for deviations from Standard Model predictions is presented.

Consider the production of a heavy Higgs boson through gluon fusion,

g9 — H — tt. (1.24)
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If this were the only mechanism capable of producing a tf final state, the invariant-
mass distribution m;; would exhibit a Breit—Wigner resonance centered at m;; = my.
However, within the Standard Model there exists a significant background arising

from the process

g9 — tt, (1.25)

so that the observed amplitude results from the coherent combination of both contri-

butions. Then, the corresponding cross section is therefore determined by

IMyi> = [Mqepl? + Myl + 2Re (Mgep M), (1.26)

where the last term corresponds to the interference between the resonant signal and
the Standard Model background.
The amplitude associated with the heavy Higgs boson takes the form

1
M , 1.27
with
8 2 N2 2
5= (pg+pg)” = (pe +pr)” = myp (1.28)

Across the resonance, the real part of this amplitude changes sign due to the factor
(8 — m?%) and the consequence is that the interference term becomes constructive
on one side of the resonance and destructive on the other. This effect distorts the
expected Breit—Wigner shape and complicates the experimental search for a heavy
Higgs boson, particularly because the Standard Model production of ¢t pairs is much
more abundant than the corresponding new-physics signal.

One alternative strategy is the searching for heavy-Higgs effects in four-top produc-

tion, as in fig. 1.6.

The Standard Model background for this processs is considerably smaller than which
is a big difference with the ¢t production case. Consequently, interference effects have
a reduced relative impact, making the resonant contribution of a heavy Higgs boson

potentially easier to identify.

The production of ¢ttt also arises in supersymmetric scenarios through the production
of gluinos ¢ (fermionic supersymmetric partners of the gluons in supersymmetric
models). Gluino pairs can subsequently decay into top quarks through virtual or

on-shell top squarks #; (the scalar supersymmetric partners of the top quark), leading
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N
7

Figure 1.7: SUSY production of tttt. Two processes producing the same experimental
signature.

[l

Xt

XY

t

to final states containing four top quarks [24].

Then,

pp — §§ — titt + B,

where EI* denotes the missing transverse energy associated with particles ¥ that
escape detection. Since these processes lead to signatures that closely resemble Stan-
dard Model four-top production, deviations in the observed tttt production rate or in
kinematic distributions sensitive to missing transverse energy may provide evidence
for physics beyond the Standard Model.



2 Theoretical Framework

2.1 Schematics of hadron collisions

PDFs

Hard Scattering Aoco < p=~Q
Naco < <Q

Beam Remnants

Hadronization Agep ~ 1

Hadron Decay

Figure 2.1: Representation of a hadron collision: Hadrons in collision (blue); the hard
scattering (red); radiative processes (orange); hadronization (green); hadron decays (purple);
secondary interactions (gray). Agcp is the scale where QCD becomes a strongly coupled
theory, u is the scale of the interaction and @), the scale of the hadron interaction.

Unlike leptonic collisions, hadron collisions involve bound states known as hadrons.
The theoretical description of these processes is not straightforward, as it requires
modeling the internal structure of hadrons in terms of their partonic constituents
while simultaneously taking into account the effects of QQCD. The confinement of
those constituents and the presence of non-perturbative QCD effects, together with
the technological requirements needed to achieve the high collision energies involved

in the processes, make their theoretical description a major challenge.

Hadron collisions are a fundamental tool to study the elementary interactions of na-

ture. They allow to test the Standard-Model predictions while searching for deviations

16
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that may indicate signs of new physics. Since hadrons are bound states composed by
quarks and gluons (partons), the theoretical description of their interactions is more
complex than that of the elementary particles. In the following, a general description

of the different stages involved in a hadron collision is presented [25].

In a hadron interaction, the internal constituents are the interacting pieces. The
internal composition of the hadron is characterized by means of the Parton Distri-
bution Functions (PDFs), f?(z, ur), that describe the probability density of finding
a parton ¢ inside a hadron h, carrying a fraction = of its total longitudinal momen-
tum. These functions provide a probabilistic description of the internal structure of

hadrons.

The direct interaction of partons coming from each incoming hadron is called the
hard scattering, since it takes place at high energies ) > Agcp, where Agep
denotes the characteristic scale of QCD. Therefore, this interaction probes very short

distances. This stage can be described through perturbative QCD.

During the event, more than one hard interaction may take place, however, such

processes are highly suppressed and require a different theoretical treatment.

The energetic final-state partons, emerging from the hard scattering, subsequently
undergo QCD radiation consisting of multiple particle emissions. This process is
known as parton shower and occurs for energy scales Agep < 1 < (. The evolu-
tion of this radiation is described by the Parton Shower generators (PS) which are
mainly based on the implementation of the Dokshitzer-Gribov-Lipatov-Altarelli- Parisi

(DGLAP) equations and will be discussed in further detail in a later section.

At scales it = Agep, as ~ 1 and perturbation theory is no longer applicable. This
process must be described using non-perturbative hadronization models that define

how color charged partons combine to form color—neutral hadrons.

These hadrons can further decay, due to their instability. The chain of decay continues
until it produces stable particles or particles long-lived enough to be detected experi-
mentally. The proton constituents that do not participate in the hard scattering form
the beam remnants, that carry the rest of the longitudinal momentum and quan-
tum information of the incoming proton. Their subsequent hadronization contributes

mainly to soft hadronic activity and is beyons the scope of this work. [26-2§]
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2.2 Lorentz Invariant Phase Space

The phase space is the space constituted by all possible kinematic states that a particle
or a system can occupy that respect energy and momentum conservation.

In particle physics, it cannot depend on the reference frame.

For an n-particle final-state particles, the Lorentz invariant phase space element is
defined as

dLi ) = 2.1
ips(p1, P2, - - - Pn) 1} 27T>32E (2.1)
where ¢ runs over all final particles, p; = (E;, p; ) and E; = \/|p; | + m2,

The total four-momentum is defined as p = ) . p;, and the invariant mass squared of

the system is s = p?.

The integration of the Lorentz-invariant phase-space measure (2.1) over all kinemat-

ically allowed final state configurations yields,

d®,, = dLips(p, . .., pn) (2m)*6W ( sz> ; (2.2)

Ro(s) = / dLips(py, . .., p») (27) 5<4( sz>. (2.3)

The case where n = 2 will be useful later, when we discuss the factorization of the

n-particle phase space. The corresponding Rs(s) is

d3p, d?
Ras) = (2m) 2 [ G2 OP 60— py ). (2.4

For a generic momentum, p* = (p°, p), such that p* = p° —|p]> we can use the identity

ﬁé(p — E) =6(p> —m*)0(p"), (2.5)

and express Ry as

Ry(s) = (27) 2 / ;% 5[(p - p1)? — m3] O(p— )] (2.6)

Since Ry(s) is Lorentz invariant, we may evaluate it in the center-of-momentum (CM)

frame, defined by

-,

p1 = (B, pem), p2 = (E2, —Pem), p= (s, 0). (2.7)
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From momentum conservation p = p; + pa, we obtain /s = F; + E,, where

E} = |pou|? +mi, E} = |peml* + mj3.
Through these relations, we can derive

s+ m? —m3

E=2""1_"2
1 2\/5 )
B :s+m§—mf
2 2\/5 )
- 1 1/2 2 2
|pCM| =—=A (8,m1,m2),

2V/s
where A is the Kéllén triangle function:
s, m?,m3) = % +m] +mj — 2sm? — 2sm3 — 2m>m;

= [s = (m1 +m2)?] [s — (m1 — m2)?].

Using Egs. (2.9, 2.10, and 2.11),

(p—p1)* —ms=5—2vsE +m3—mj.

and we obtain

Ry(s) = (2m) 2 / 6213—511 §(s —2v/sEy + mi —mj3) O(y/s — Ey).

While knowing that in the CM frame
d’p1 = pey dpom d2 = pont By dEr d9,

and Eq. (2.11), we can reduce Ry(s) to the following simple form:

1
Ro(s) = 5(2%)_2 /pcM dE, dQ6(s — 2v/sEy + mi —mj)

bcMm

= ds.
16724/s

AL/2 2,2
— ($7m1’m2)/d9.
32m2s

19

(2.8)

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)

The integration over the Lorentz-invariant phase-space, corresponding corresponding
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with a process with n final-state particles becomes more complex as n increases.
Additionally, in the integrand corresponding to the squared amplitude of the process,
sharply peaked and localized structures may arise. For this reason, a sampling of
points using Monte Carlo algorithms may fail to properly capture the physics in
these peaks and becomes expensive, computationally speaking, in high-dimensional

spaces.

To deal with this, a factorization of the phase space is introduced. For a process

2 — n, the differential final state phase space element is [29]

(2m)45® (pa + - Zn: pi> , (220

i=1

d4pi
- (2m)t

where a and b denote the incoming particles, and ¢ = 1, ..., n the outgoing particles.

8(p; —m3)O(p})

=

dq)n<p) =

Then, equation (2.20) can be factorized as

dP?
d®,(p1,p2; P3y ey Pr) = APpr—imr1(P1s D23 P35y vy Prms P)%dq)m(P;pn—m-i-la ey Dn)s

(2.21)

where P is the momentum for a Virtual intermediate particle that connects both
factorized processes.

This means that we can split the process into two subprocesses

2— (n—m+ 1)+ P, then, P — m particles.

The recursive factorization of Eq. (2.20) allows an n-body phase space to be ex-
pressed as a sequence of two-body phase-space elements connected through virtual
intermediate states of momentum P. This property is particularly useful for Monte
Carlo event generation, where complex multi-particle final states can be constructed

through successive two-body branchings.

2.3 Quantum Chromodynamics (the core of the in-

teraction)

The lagrangian of Quantum Chromodynamics (QCD) is

T 1 a apy
Locp =Y (4" D, — m)oy — T EnE. (2.22)
f
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D,, is the covariant derivative,
D, =0, —ig,G;T*, (2.23)

where G is the gluon field, while 7 are the generators of SU (3)¢, called color

generators and a =1, ..., 8.
They satisfy

tr(T°T") = 6. (2.24)

And the relation,
[T, T%] = ifeeTe. (2.25)
On the other hand, the field tensor is

Fi, = 0,G% — 0,G +igs f* GG, (2.26)

that comes from the commutator

[Dy, Dy} = igsF - (2.27)

which measures the curvature of the space-time due to the gauge field. Here, F,, =

F3,T% and feb¢ being the structure constants.

The last term of eq. (2.26) appears due to the equation (2.25), which is what makes
the theory non-abelian, unlike the QED case, where the generator of the transfor-

mation is the electric charge, which trivially satisfies [Q,Q|=0.

Because the gluon field obeys A, = G|;T, then the gluon carries a charge (it differs
from the photon case). Then, F o F gives rise to the gluon propagator, but also to

the three and the four gluon vertices.

The propagators for quarks and gluons are

s %—l— m
0 2.28
k%2 —m? + et ( )
54 k. k.,
k? + jet (77/»“’ + (5 - ]') ;2 ) ) (229)
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for 4, 5 color indices.

It is important to note that (2.25), the interaction terms for gluons define the vertices,
which does ot exist in QED theory.

93 (p2) 2} 95 (p1)

IS e
%?
)

9, (p3

9> (p2)

b2
P

95(p3) 95 (p1)

e

Ps3 J
D4

gff (p4)

At last, the fermion-gluon vertex is
92(171)

. p,
px

95(p3)

90 (p2)

2.3.1 Amplitudes in QCD

The amplitudes in QCD can be separated into a kinematical part and a color

structure part.

M) =" My ex) (2.30)

where My, is the partial amplitude depending on the kinematics of the system; |cx)

are the basis vectors in the color space, which contain all the color information. This
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means that the color and the kinematical information can be treated separately in a

generic QCD amplitude.

For instance, for a q¢ — Q@) scattering process we can describe the color flow by
the color operators T, and how they act on the full scattering amplitude (2.30). It
means, they encode how the color is exchanged between particles (quarks and gluons)

and correlations between different parts of the amplitude.

In the color space, the color operators will act for quarks and gluons in the initial or

final state as

(T )km = Ty, for i = final-state quarks (or initial state antiquarks)

a

(T)km = —T 5, for i = initial-state quarks (or final state antiquarks) (2.31)

7

(T )km = i fakm, for j = for j gluons).

The Fierz identity for SU(IV,) generator is

a a 1
(T )i3i4 (T )igil = (5i3i1 (ZYC F5i3i45i2i1) : (2'32>

“ B 13 1i3) CZ&
iy ) :7;4 iy —— iy Neiy i

Figure 2.2: color-flow representation of the Fierz identity.

which describes the gluon exchange between two quark lines in terms of a leading-color
contribution (first term) and a subleading contribution suppressed by 1/N, (second

term).

Then, for this particular process, the elements that define the color basis are

1) = OuaiyOusiz (2.33)

|ca) = Digiy O -

To illustrate the way these operators act over the color base, let us calculate T§T% |c1)
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arma a @ o ) 1
T4T3 ‘Cl> = 7;4j47}3i35i1j36i2j4 = _7}42‘27}11'3 - 6i4i35i2i1 B F6i4i25ili37
1 c (2.34)
while for T¢T? [¢,)
T o) = (1T, T G, = O 235)

TOT? |¢)) = Cp |cy) .

This identity illustrates that the color flow in QCD processes is not trivial, but in-
stead involves non-trivial correlations between different quark and gluon lines. Even
for a simple quark scattering process, the exchange of a single gluon generates multi-
ple independent color structures, corresponding to different possible color flows. The
leading contribution describes the dominant color connection between quark lines,
while the subleading term, suppressed by 1/N,., represents singlet-like configurations
and interference effects. This reflects the intrinsically non-Abelian nature of QCD,
where color is exchanged dynamically among partons and gluons themselves carry
color charge. As the number of external legs increases, these correlations become
increasingly complex, leading to a rapidly growing number of possible color configu-
rations. This rich color structure is one of the main reasons why QCD calculations
become particularly laborious, especially for multi-leg processes and higher-order cor-

rections.

2.3.2 Perturbative and non-perturbative Quantum Chromo-

dynamics

At high energy scale, strong partonic interactions can be described within the frame-
work of perturbative QCD (pQCD). In this regime, physical observables can be de-
scribe through an expansion in powers of the strong coupling constant ay, giving rise
to sufficiently precise theoretical predictions. At lower energy scales, on the other
hand, a, becomes sufficiently large to spoil the perturbative expansion. Focusing on
the perturbative description, higher order corrections introduce loop diagrams that
contain integrals on virtual momenta. These integrals become divergent when contri-
butions from arbitrarily large momentum scales are included, giving rise to ultraviolet

(UV) singularities. To treat those singularities, a renormalization procedure is ap-
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plied, in which the parameters of the theory are redefined to absorb the divergent
contributions into physical quantities. As a consequence, an unphysical parameter
known as the renormalization scale pg is introduced. The strong coupling constants

become dependent on this scale and can be expressed as [30)],

A7
11— Zny) Infud /A3 0p]

where n; is the number of active quark flavors. Physical observables cannot depend

as(pr) = ( (2.36)

on the parameters pgr. Their theoretical dependence on the renormalization scale

decreases as the perturbative order considered in the calculation increases.

2.4 Fixed-Order calculations

An inclusive observable is obtained by summing over all final states that contribute

to the quantity under consideration. Then, the inclusive partonic cross-section is

&= %Z/d@ﬂ/\/l(z’ — N2 (2.37)
f

Thus, the final states that contribute at order o, can correspond to different multi-

particle states.

The cross section can be written as the perturbative expansion can be expressed in
terms of a® corresponding to the leading order contribution to the partonic cross

section,

(i — X) =k Y aiMam (2.38)

m=0
o is the strong coupling constant. Here, k denotes the LO power of the strong
coupling associated with the Born process, while the sum over m accounts for the

higher order corrections to the cross section that arise from loop and Real diagrams.

Then, for the Leading Order (LO) cross-section m = 0, while for a next-to-leading
order (NLO) calculation of the cross-section, m runs from 0 to 1 where the final states
n and n + 1 are included. For instance, for the ¢ — g process, contributions to the

cross section at NLO are constructed using the terms proportional to a, and o2,

In hadronic collisions, perturbative and non-perturbative descriptions can be sep-

arated due to the factorization theorem that allows non-perturbative effects to be
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absorbed into the Parton Distribution Functions (PDFs), while the short-distance
interaction remains perturbatively calculable. This separation introduces the factor-

ization scale pp.

At NLO, calculation for the hadronic cross section is given by [31]

Z/dxldmf (w1, ur) f72 (w2, o) [/d&gLo(xla$27Q27ﬂF;MR>} (2.39)

which means

1
Z/diﬂldxzf iEl,uF)f (22, 1r) [Z/da (21, 29, Q% fiF, pir)cx Hm(/JR)]

m=0

/dCDB[B () + Vi(®B; pr, ir)] +/d<bR (Pr; i, pr)]-
(2.40)

The contributions appearing in the integrands consist of Born (B), Virtual (V) and
Real (R) contributions. As discused in [25], B corresponds to the squared amplitude
for a n-particle final state. The Virtual contribution V is an interference term that
comes from combining the Born and the one-loop corrected amplitudes for a n-particle
final state. And finally, R corresponds to the contribution that comes from the square
amplitude for a tree level process of a n+ 1 final state particles. Figure 2.3 illustrates

these terms for the q¢ — gq process in QCD.

In general, contributions at NLO can be written as

B(®p; pr, pir) = Z IMP (@, h; pr, pr)|,
V(®g; r, ir) = QZRe M@, hi o, mR) ML (@, b e ir)] S (2.41)

R((I)R, HE, ,uR =2 Z ’Mnbj_rll) (I)R, h'; HE, MR)'Q

The corresponding phase-space at the Born and Real level is
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g g
Re MM

~BORN ~VIRTUAL ~REAL

Figure 2.3: Terms that contribute to the cross-section at a NLO calculation for a process like
qq — qq. While the Born and Real contributions are obtained from squaring the amplitude
matrix elements, the Virtual contribution is generated by an interference between the loop
and the Born diagrams.

1
ddp = d$1d$2flh1(3727NF)f;IQ(l”z,MF)gd‘Dm
ab
1

d0p = dayday [} (22, MF)f;lzl (zo, uF)gd@nH-
ab

(2.42)

The reason for the x1, and xo is because the outgoing particle may affect the incoming
particles considered.

Then, the cross section at fixed order can be written as

o0 — / d®,[B(®,) + Vi(®,)] + / d®, 1 R(Pyi1). (2.43)

Complications appear when evaluating the cross due to the presence of loops in the
calculation. A loop introduces an integration variable that did not exist at Born
level and it is not constrained by momentum conservation or on-shell conditions: the
loop four-momentum [. As a result, [ can become infinitely large, and calculations
regarding d*/I™ for m < 4 will become infinite too. This phenomenon is known
as ultraviolet divergence (UV). Dimensional reqularization is often used to deal
with these divergences, which consists in switching the integral dimension to d =
4 — 2e, which guaranties gauge and Lorentz invariance. This allows us to express the
divergence as poles in the dimensional regulator e. After which the theory can be
renormalized through a scheme-dependent redefinition of the Lagrangian [32]. In the

following, we will assume that Virtual corrections have been renormalized

Alongside the UV divergences, infrared divergences (IR) also arise in the NLO con-



28 CHAPTER 2. THEORETICAL FRAMEWORK

tributions, and they originate from loop momenta associated with massless particles
either soft, i.e. with energy tending to zero, or collinear, i.e. emitted almost parallel

to another particle. They will be discussed in more detail in Sect. ( 2.6).

oNLO — / d®,[B(®,) + Vi(®,)] + / d®,d®, R(®,, ®,), (2.44)
after considering ®,1 = (®,, D,).

According to the Kinoshita-Lee-Nauenberg (KLN) theorem, the infrared divergences
in both the Real and Virtual contributions cancel each other in sufficiently inclusive
observables. The cancellation does not occur point by point since they live in different
phase spaces. That is why subtraction methods, such as the Catani-Seymour method
[33], which will be discussed in a later section, must be implemented. These methods
introduce a counterterm that locally reproduces the singular behavior of the Real

contribution and allows the cancellation before integration over the phase space.

2.5 Infrared divergences in the Virtual contribution

Beyond Leading Order (LO), theoretical predictions receive contributions from both
Real and Virtual corrections. As discussed previously, these corrections introduce
ultraviolet (UV) and infrared (IR) divergences that must be carefully handled to

obtain physical results.

While UV divergences may be treated by regularization, where they will be translated
into poles that are going to be absorbed in the redefinition of physical parameters,
IR divergences that appear in the Virtual and in the Real contributions cancel each
other when inclusive observables are considered.

In the Virtual corrections, due to particular regions of the loop-momentum integration
namely when the loop momentum of the massless parton becomes soft or when the
it becomes collinear to an external leg. The resulting singularities possess a universal
structure and can be separated from the finite part of the amplitude.

The virtual contribution is determined by the interference term that arises in the

squared matrix element,
M, [* = IMOP +2Re [ MOMP*] + O(a?), (2.45)
where the full amplitude is expanded perturbatively at first order in ay as

M, = MO+ MY, (2.46)
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Here, MY denotes the Born amplitude for a process with n final-state particles, while
MY corresponds to the one-loop correction to the same process (see Eq. (2.41)).

It has been shown in [34,35] that the renormalized one-loop amplitude exhibits a
universal factorization structure of the form

MO = TO O pgOFD (2.47)

n,fin

The operator IV contains the infrared singular structure of the renormalized one-
loop amplitude. The form of I is determined by the momenta, the color charges
and flavors of the external partons, while MS%H represents the finite part in the limit
e — 0.

2 —z)\zﬂr
1Y (e, 2 {p}) = ZT2v;‘“g ) T;-T; < ) . (2.48)

2p; -
j#i Pi P

The color correlations between external partons are encoded in the color-charge op-
erators T; - T;, while the kinematic dependence enters through 2p; - p;. The singular
behavior is in

; 1 1
Vi"(e) = T 5 + vi—, (2.49)
Le? €

7

which has both double and single poles on e. The coefficients of these poles depend

only on the flavor of the external partons,

T =T:=Cp, T.=Cy, (2.50)
and
3 11 2
Yo =" =50r Y ="Ca— 3TN} (2.51)

2.6 Infrared behavior in the Real contribution

To illustrate the origin of infrared divergences in the Real contribution, let us consider

the emission of a gluon from a quark.

For Real contributions, we can consider a quark with four-momentum p + k emitting

a gluon whose four-momentum is k& as illustrated in fig. 2.4.

q(p+ k) — g(k) +q(p). (2.52)
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Figure 2.4: Gluon emission from a quark with four-momentum p + k.

L

The quark propagator obeys

i(p+ k4 m)
(1 =
Where m is for the mass of the quark. For a massless emitter quark, |p| = E, and

|l§ | = E) and the denominator in the propagator approximates as |[30]

1 1 1 1
(p+k)? 2k 2E,E, —|plk) 2EEx(l—cosd)

(2.53)

The structure of the equation (2.53) shows that there are two types of singular be-
havior. The first occurs in the limit £, — 0. This radiation is known as soft radiation
and costs almost zero energy. The second arises when § — 0, corresponding to the

collinear radiation.

On the other hand, if the emitter is massive, the propagator is proportional to

1 B | o 2.5
(p+k)2—m2 p>+2p-k+k2—m2 2p-k’ '
where p? = m? and k? = 0. Considering p = (E,, p) and k = (Ej, k), then
p -k = EzE, — |p|E) cosb. (2.55)
By defining
1] m’
g=l_ i (2.56)
E, E?
we have
1 1
= (2.57)

(p+k)2—m? 2E,Ep(1— Bcosh)
It is precisely the presence of the quark mass m that controls the divergence of the

propagator through 3. Due to Eg = |p] +m?, B < 1. This means that even if the
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angle # — 0, the propagator cannot be singular. Although the collinear singularity
is regulated by the quark mass, large logarithmic contributions may still arise when

integrating probabilities over the collinear phase space.

The Real matrix element exhibits a universal behavior since the structure of these
divergences does not depend on the specific process and depends only on the properties
of the emitted radiation. That is, the dependence on the dynamics is contained in
the underlying process without the additional emission B(®,,), while the description
of the emission and the mass logarithms is encoded in a factor known as the universal

kernel.

In the limits of soft and collinear QCD radiation we can find an approximation to the
probability of splitting of one of the particles of a process.

The amplitude in the soft limit, where the extra parton is emitted with a momentum
k* — 0, is

M1 (p, k) — gs Z TimMn(p>5M(k)7 (2.58)
the expression above can be generalized as
Mn+1 — J./\/ln, (259)
where
" T,——, 2.
=2 T (2.60)

is the so-called Eikonal current, which is described in terms of the color charge oper-
ator T;.

Then, the squared matrix element takes the form

Mo = wgszT T Ml (261)

p; - k)

with T; being the color charge operator for the external partons [33]. Then, the

approximated amplitude for a soft emission can be described by

R(®,11) & B(®y) | 4> g Z T 50 h (2.62)

p]-k:) 7

where the expression in the square brackets is often referred to as the eikonal factor.
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In the collinear limit [36] where the radiated gluon is collinear to a parton, we can

approximate the Real contributions as

2¢2

Sij

R(®,.1) ~ B(®,) { P(z)} : (2.63)

with P(z) the Altarelli Parisi splitting functions in terms of z, the momentum fraction

carried by one of the partons, while s;; = (p; + p;)*.

We can see that in these particular limits, the Real contribution can be approximated
by the Born contribution times a factor that will describe the soft/collinear contri-
bution, known as the splitting kernel (K(®,)). This is a crucial element in Parton

Shower algorithms and in the subsequent interface with NLO calculations as Realized

by the POWHEG method.

As an example, let us consider the process ete™ — ¢gg which in the collinear emis-
sion limit exhibits the mentioned structure: A Born contribution, and a universal

factor describing the emission

1 1+2°
|Me+e——)qq’g|2 — ’Me+e——>q(j’2 CFg2 ﬂ 1_> . (264)
A similar behavior is exhibited in the soft limit,
Iy -
Moo maggl” = [Metersggl® Crg® —o L2 (2.65)

(p1-k)(p2- k)
In both equations, the universal structure already in the soft and collinear limits
mentioned above becomes evident: Real contribution ~ Born ® splitting kernel. This
structure will be key to the introduction of algorithms that help us describe the large
number of emissions originating from these limits, which will be discussed later in
Section 2.7.2.

It is also important to emphasize that, after integration over the radiative phase space,
the singular behavior associated with these infrared limits gives rise to logarithmically
enhanced contributions:

Using the phase-space factorization equation (2.21), with Virtual momentum P? =
(pi+k;)* = s;;. Combining this with the collinear factorization in the equation (2.63)
then,

dSi'
|/\/ln-i-1|2 ~ |Mn|229§P(Z)d¢nﬁd®split- (2-66)

ij
where d®,,;;; denotes the two-body phase space associated with the branching of the

intermediate parton into the parent partons ¢ and j.
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Then, in terms of the integration variables of the radiated particle, the real contribu-
tion to the differential cross section is
dog ~ dog 2 P(2) dg* dzdo, (2.67)
2 q?
where ¢ is the characteristic scale of the branching. So that the integration over a
range of scales ¢y < ¢ < @), where ¢g denotes IR cutoff scale below which no further

branchings are resolved and () the hard scale of the process, produces terms of the

¢ (@
/Q Z log(Q%) : (2.68)

2
0

form

Similar logarithmic enhancements come from the soft region of the phase space.
At higher perturbative orders, multiple unresolved emissions generate contributions

proportional to

Q2
2

al logm( ) , m < 2n. (2.69)
4o

2.7 Subtraction of divergences

In this section, we discuss how infrared divergences (IR) arising from Virtual and Real
contributions are treated in next—to—leading order (NLO) calculations of observables.
In particular we introduce a successful framework designed for this purpose known as

the Catani—Seymour subtraction method [37].

2.7.1 Subtraction of IR divergences

As already explained, the NLO structure of a cross section calculation is
o= / (do” +doV) +/ do*, (2.70)
m m—+1

On the other hand, IR divergences in the Real and in the Virtual contributions must
compensate each other, due to the Kinoshita-Lee-Nauenberg (KLN) theorem. This
theorem establishes that IR divergences must cancel once all indistinguishable contri-
butions to a process are taken into account [38|. To make explicit this cancellation, a

subtraction scheme must be applied. To this end, a term that reproduces the singular
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IR behavior of the Real emission contribution is introduced to rearrange the NLO

cross section,

oNLO _ /dd)n {B@n) +V(d,) + /d(I)rA((I)nq)r)] +/ d®,®, [R($,P,) — A(P,P,)].

' (2.71)
For the Real contribution, d®,d®,A(®,,d®,) behaves as a local counterterm for
d®,,®,.R(P,,P,). After dimensional regularization, poles can be treated by making
€ — 0 under the integral sign corresponding to d®,, ;. The result is an 4-dimensional

integral for the Real contribution.

The same subtracted term added in the Virtual part must be analytically integrable
in the radiated—parton phase space, d®,. This integration leads to € poles under
the integral sign corresponding to d®,,, that can be combined with the poles in the
Virtual contribution, to cancel all the divergences. This results in a finite expression

for ¢ — 0, and then in a numerically integrable contribution.

VIO _ /d(I)n [B(cbn) + V() +/¢TA(®”)]

+ / dP,d®, [R(D, D, )c—o — A(Pn®,)o] . (2.72)

e=0

Using the known behavior of n+1 parton matrix elements in the soft and collinear
limits (eq. (2.59)), where the IR singularities arise, one can implement a factorization

formulae that allows the subtraction counterterm to be written as

A(CI)TL) = Z |Mn|2 ® Vvdipole; (273)

dipoles

This is known as the dipole factorization formula. Here, Ve are the universal
dipole kernels, which depend on the emitter—spectator configuration, and reproduce
the singular behavior of the Real contribution. Their form is universal, making it

independent of the details of the underlying process.

/ 4,2, A®,) = 3 / 4D, | My @ / 4D, Viipore = / 4D, | Mp2 T, (2.74)

dipoles

where I corresponds to the phase-space integral of the radiated particle in d = 4 — 2¢
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Pj J

35

Figure 2.5: Diagrams for different emitter-spectator cases defining the dipoles Dj; .

dimensions,

I= Z /d‘/dipole'

dipoles V' "

Eq. (2.73) can be expressed in terms of the dipoles D;;, as

Z Dijvk - Z ’Mn|2 ®‘/;lipole-

dipoles dipoles

And the cross section,

oVEO — /d(bn [B(®,) + V(®,) + 1(D,)] +/ d®, .1 |R(Ppi1) —
n n+1
Then
1 Ty -Ti;Vijk
Dijp = T o (M| + | M) ,
DiD; T
which in the soft limit becomes [39],
1 Ty - Ty Py
Di ik — _871-#26055 Mn —— Mn> )
j P (M, T |

(2.75)

(2.76)

Z Dijx

dipoles
(2.77)

(2.78)

(2.79)

being Vi, the universal kernel, spin-dependent functions that can reproduced the
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soft and collinear limits.

It is important to note that

1
Dip; ’

(2.80)

ik ™

which reproduces the form of IR contributions in the soft and collinear limits (see e.g.
Eq. (2.64) and Eq. (2.65).

The explicit form of the V;;; depends on the subtraction scheme used. For instance,
the Catani-Seymour method defines these dipole terms by constructing specific ex-
pressions for the Vj;; corresponding to the different kinematic configurations of the
system.

e q— g(pi) +q(p),

e g—q(pi) +aq(p;),

o g— g(pi)+alp;)

that can be found in [37,39].
Then the factorization of the n + 1-particle final state can be approximated by im-

plementing the dipole formalism times a splitting kernel

> > de, DY =dol > D dtdz ! L pi(2). (2.81)

— = 2p;- p; 2w
(i.kye{f} fi Gk e{f} Ti Pi- P

where do? where n-particle final state, where b;; denotes the ratio of symmetry factors
associated with the Born and real-emission configurations, while the remaining factors
represent a differential emission kernel which, in the soft/collinear limit, reduces to
a universal form governed by the DGLAP equations P(z). Here, the differential
probability of emission is,

ap ~ Y. % piyy (2.82)

t 2m

Then, equation 2.81 provides an approximation of the contribution of n + 1-particle
configurations in the region where the radiated particle is soft and collinear.
Adding higher-order contributions by iterating this formula would violate unitarity,
since each emission contribution is positive and increases the cross section of the
process. To deal with this, it is necessary to include approximate Virtual contributions
and unresolved emissions, that leads us to the introduction of the Sudakov form

factors, which will be discussed in the next section.
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2.7.2 Parton Shower

To obtain a more accurate description of kinematic distributions, it is necessary to
account for additional QCD radiation that can modify the shape of the distributions

of inclusive or exclusive observables, such as

d_a —da ete
o o0 (2.83)
do do ’

—, , etc.
de (jl) deets

A Parton Shower Event Generator (PS) produces, in a probabilistic way, a cas-
cade of successive emissions of partons that are radiated from a highly energetic par-
ticle in the final state of a hard process in a simulated collision. This evolution takes
place towards particles that are gradually softer and more collinear. This process
is controlled through a variable that generates the successive emission. The process
continues until an energy scale of the order of Agcp is reached, scale at which a; is
not small anymore, the theory becomes non-perturbative, and confinement physics

sets in.

Parton Shower event generators are designed to describe contributions in regions of
phase space where convergence of calculations at fixed order is spoiled due to large
logarithms that appear from integration over soft and collinear regions (see Sect. 2.5)
of the Real emission. It does so by using the already known universal structure for the
approximation of collinear and soft contributions and by resumming (see Apendix
A.1) the logarithms associated with such contributions.

Parton Shower are therefore responsible for simulating the soft and collinear radiation

by resumming the corresponding logarithmically enhanced contributions.

For this purpose, an ordering variable or scale t is used to guide the evolution of the
Parton Shower. Transverse momentum, pr, is often used as ¢, whose small values
correspond to either soft or collinear emissions. The first emission generated by
implementing this variable will be the hardest one, after which the system evolves

towards emissions with progressively smaller pr.

In this work, we will use the PYTHIA parton shower event generator [40] based on

transverse momentum ordering.
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&

Figure 2.6: Ordered emission of gluons in a radiative process in a PS algorithm. pr is for
the transverse momentum of the hardest emission, while subsequent emissions must satisfy

kr <pr.

In the following, a brief discussion on the impact of considering radiation to calculate

the total cross section is presented.

For LO calculation, the cross section is

o0 = / d®,B(d,). (2.84)

Within the PS framework, the cross section opg is defined in terms of the shower
generating functional S (,ué, O), following a procedure analogous to that described
in [29]

ops = /dq)nB((I)n)Sn(ﬂé? (I)na 0)7 (2'85)

S is constructed by a recursive procedure that starts by first defining P(no—emision) =
A(t;, t) as the probability of no-emission during the evolution of the variable ¢ in the

interval (¢;,t), where t; denotes the initial value of the shower evolution variable, typ-

ically of the order of )2, the characteristic hard squared scale of the process, until .

We also have A(t;,ts) corresponding to the probability of no radiation from ¢; to the

final evolution scale ¢; at which the perturbative description ceases to be reliable. in

the following, we briefly discuss the form of A(¢;,¢) as in [11].

The probability density for the first emission to occur at the scale t is given by

dP = A(t;, t)P(z);‘—Sdt dz, (2.86)
T

i.e. given by the probability density of not having emitted between ¢; and ¢, times
the probability of emitting at a scale t given by the splitting kernel, where 2 specifies

the momentum fraction carried by the daughter parton after the splitting. Therefore,



2.7. SUBTRACTION OF DIVERGENCES 39

the probability for at least one emission to occur during the interval (¢;,¢s) is

t; 1
P(emission) E/ dt/ dz,A(ti,t)%P(z,t). (2.87)
t 0 2m

Then, by the unitarity of the total probability during the interval (¢;,ts),

1 = P(no — emission) 4+ P( emzsszon)

(2.88)
1= Altst)) /dt/ A=t 1) 92 Pz, 1)

From this equation, we obtain

t; 1
A(tl,tf) =1 —/ dtl/ leA(ti,tl)%P(Zl,tl)
t 0 27

t; 1 t; 1 a o
—/ dtl/ le [1 —/ dtg/ dZ2A<ti,t2)_SP<ZQ,t2):| 2—SP<Zl,t1)
=1 / dtl/ le |:1 —/ dtg/ dZQ |:1—/ dtg/ ngA tz,tg CVS (Zg,tg)

X %P<22,t2):| %P(Zl,tl).

(2.89)

We can continue iterating on this process,

t; 1 a
A(tl,tf) =1 —/ dtl/ le—SP(Zl,tl)

+/dt/d/dt/d O‘SP 1)< p( t))
., 1 <1 2 22 o 227 2)5 - <1, 01
ti as Qg

— dtl le dtg dZQ dtg ng P(Zg,t3)27TP(ZQ,t2)—P(21,t1)>
t 0 t 0 0 2 2
f 1

+

(2.90)

And by using simplex integration



40 CHAPTER 2. THEORETICAL FRAMEWORK

ti t; t; t; 1 ty n
[ =2 () oo
ty t1 to tn n: t;

we can express eq. (2.90) as

> 1 t; 1 Qg "
Altity) =1->" . —/tf cht/0 dz—P(z,1)
1

Altt) =3 [ni (- /tti ou/o1 dz%P(z,t)> | (2.92)

For A(t;,t) in exponential form,

At ) = exp (— /t "t /0 1 dz%P(z,t)), (2.93)

which is known as the Sudakov Form Factor. If py labels the transverse momentum

of the first emission, and k7 the transverse momentum of subsequent emissions, the
contributions may be separated in regions where p; > kr and pyr < kr by introducing
a heaviside function, 1 = O(kr(z,t) — pr) + O(pr — kr(z,1)).

Attty = e (= [ at [ az8 P00~ pr])

X exp (— /tti dt/o1 dz;‘—;P(z,t)@[pT — kT(z,t)]) .

The first factor in Eq. (2.94) corresponds to emissions with transverse momentum

(2.94)

satisfying pr < kr, while the second emissions satisfying kr > pr. The second line in

equation (2.94) represent the probability of no emission harder than py.

At 1) = exp (— /t "t /0 1 4252 P (=, )Olpr - kT(z,t)]) | (2.95)

This is the Sudakov form factor implemented in parton-shower algorithms based on

transverse-momentum ordering.

The generating functional of the function (2.85) is

N t; 1
i=1 7t



2.8. NEXT-TO-LEADING ORDER CALCULATIONS PLUS PARTON SHOWER MATCHING41

Then, the equation (2.85) can be rewritten as

oS = / d®, B(®,,)

N to 1 a
A —2P A(t; (2.
ot + 3 J /0 Q=2 P A S | - (297
which describes the parton shower.

The first term in the last equation describes the LO Cross Section times the probabil-
ity of no-emitting any particle (described by the A(to,t))in the interval [to,t]. That
is, it is the probabilistically regulated Born term. The second term in the cross sec-
tion describes the probability that an emission with pr has occurred after ¢ < ¢;. In
addition, 9= F; is the splitting kernel of the process, which describes the probability
of emission precisely at that point in the shower [9,42]. They are given by

Pag(z) = Cr “ﬁ_f} + ;} :

Fol2) = Cr {M} ’ (2.98)
Puy(z) =Tp [2* 4 (1 — 2)7],

P,y(2) = 204 [sz] + 1;'2 +z(1—z)] ,

where the constant values appearing in the equations are Cr = 4/3, Tr = 1/2,Cy =3

2.8 Next-to-leading order calculations plus Parton

Shower matching

As discussed earlier, Parton Shower algorithms are implemented to model the
contribution to observables in collision-physics from a radiative cascade originating
from a hard event. Parton shower algorithms are based on approximations that pro-
vide a reliable description of emissions in the soft and collinear regions of phase space.
In an ordered sequence of emissions, the contribution associated with the hardest ra-
diation is less accurate than its estimation through fixed order calculations. This
motivates the search for a technique that allows the improvement of the contribution
of at least the first emission, for example, by evaluating the first radiation not through

parton shower approximation, but entirely by a fixed-order calculation at NLO, while
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allowing to combine the results with the subsequent radiation estimations through
the Parton Shower.

In perturbation theory, fixed-order calculations describe well regions for the distribu-
tion of observables related to high-transverse momentum and large emission angles,
such as the jet spectrum and hard radiation. That is, they accurately describe results

in hard regions of the phase space.

But in the soft and collinear regime of radiation, fixed-order calculations fail to give
reliable results due to the logarithmic contributions, a”log®"(Q?/p%) which become
very large and spoil the convergence of the series. In fact, these contributions ap-
pear precisely because fixed-order calculations are a truncation of the perturbative
expansion.

On the other hand, as we already discussed in Sect. (2.7.2), Parton Shower algorithms
and resummation techniques deal with such divergences. These algorithms resumm
(reorganize) the expansion in order to treat these logarithmic contributions to all or-
ders. So, Parton Shower algorithms are necessary to describe the behavior of soft and

collinear emissions and to simulate the evolution of the cascade and hadronization.

Due to the complementary advantages of both frameworks, combining next-to-leading
order calculations and Parton Shower into a unified approach becomes fundamental
for achieving an improved simulation of QCD results at the LHC, capable of accurately

describing both the soft and hard regions of phase space.

Therefore, with the continuous refinement and improvement of results in particle
physics, the consistent combination of matrix elements with resummation effects from
Parton Shower has become a fundamental objective in recent years, particularly for
improving the description of observables that are sensitive to soft and collinear regions

of phase space.

But achieving this combination is non-trivial, because one must ensure that the ac-
curacy of the fixed-order contribution is preserved in the hardest regions, while com-
plementing the calculation through the implementation of the Sudakov form factor,

the core of the Parton Shower algorithms [25].

Special care must be taken when matching a Parton Shower algorithms to a next-
to-leading order calculation. If a PS is naively combined with a NLO calculation, a
problem of double counting will arise, particularly at the level of the first emission.
This is because, at NLO, the Real contribution is already included (in both the hard

and soft/collinear emissions). On the other hand, when a PS shower is later applied
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it will generate its own first approximated emission. This process is illustrated in
Figure 2.7. The consequence is that the Real emission-phase space in the soft and
collinear regions will be populated twice.

In this context, matching schemes were developed to combine fixed-order calculations

with parton showers while avoiding double counting;:

Matching: The expression of the Parton Shower evaluated at fixed order is computed
and subtracted from higher order calculations in order to eliminate double counting.
The resulting expression is later processed by the Parton Shower [29].

PS radiation

NLO radiation

Figure 2.7: Schematic representation of the combination of diagrams involved in a next-to-
leading order calculation with a Parton Shower. The fixed-order computation already in-
cludes an exact Real emission contribution (radiated particles in black). The Parton Shower
generates an approximated radiative emission (radiation marked in yellow). A simultaneous
inclusion of both contributions (highlighted in the blue boxes) leads to a double counting
effect, which spoils the accuracy of the calculations. Then, a special matching scheme is
required to deal with this overlap effect

To achieve the generation of positive weights, a procedure is defined that will be

discussed in the following section.

For this purpose, the approximation of the splitting kernel, K(®;), in the parton

shower algorithms with its exact counterpart is implemented
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R(®py1) ~ B(®,) @ K (D). (2.99)

Recalling that

GO _ / dd,, [B(®,) + Vi(®,)] + / A, R(P i),

where Vj,(®,) denotes the regularized virtual contribution. From now on, this finite
quantity will be denoted by V' (®,,). Using the fact that the n 4+ 1 Lorentz invariant
phase space, ®,,.1, can be parametrized in terms of the Born phase space, ®,, and

the phase space of the radiated particle, ®,, we have

/ AP, 1 = / 4, / da,. (2.100)

After considering that process, we have

(6%
lim |M,, .| ~ —=P,|M,,|>. 2.101
i (M = 2P0, (2.101)

We can therefore approximate this in terms of the differential cross section of the

Real emission and Born contributions as
Qg R(®, +1)
—P; B L —
o ' T B(dy)
Applying eq. (2.100) and eq. (2.102) to (2.97) we obtain Modified Sudakov Form

Factor,

(2.102)

R(®,
In this way, by incorporating matrix elements from NLO calculations, a first way to

correct parton shower is obtained

R(CI)H-H)

PSINEO) = [ d®, B(®,,) | A (Py, pi™ /dcb—
o / n ( n) M( n> Pr )+ r B((I)n)

The implementation of this approach has practical limitations, particularly the fact
that events can be generated with negative weights. To counteract this effect, it is
necessary to generate a larger number of events. This will be discussed in greater

detail in the following section.
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2.9 POWHEG

Positive Weight Hardest Emission Generator
Is a matching scheme in which the hardest radiation is generated first using matrix

elements computed at NLO accuracy.

This framework aims to avoid negative weights by adding the Virtual and Real cor-

rections as follows:

B(®,) = B(®,) + V(®,) +/d<I>,,R(<I>n,<I>T). (2.105)

Then, the cross section is

opw = /dCI)nF(Cbn) (AM(cbn,pW)+/d¢r%AM(¢n,pﬂ>, (2.106)

and in general, for an observable Opy,

R((I)m—l-l)

WAM(q)mapﬂomﬂ(@mH) )

(2.107)
In the POWHEG method, the first emission is generated implementing the Modi-

fied Sudakov constructed using R/B, which guaranties a correct description of the

(Opw) = / d®,, B(®,,) [AM@W PR O () + / do,

collinear and soft regions of the phase space. However it is important to notice that
the naive use of the Sudakov in all regions of the radiation phase space introduces
resummation effects that are suitable for handling divergences in the soft region but
that are not justified in the hard region, and actually these effects may lead to un-
desired effects in, for example, emissions of high-transverse momentum, which can
distort the predictions in those regions. Solution to this issue is discussed in the next

section, through the introduction of a Damping Function.

2.10 Damping function in POWHEG

As mentioned before, it is necessary to split the Real contributions in Ry (singular,
which contains IR divergences) and Ry, (hard, which contains the finite contributions).
This is because the Sudakov form factor, through resummation, correctly describes
only the singular (soft/collinear) regions of the phase space, rendering finite and

accurate predictions due to the implementation of R/B. However, in the semi-singular
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region, its application is not completely justified, and in the hard region,it may even

introduce distortions to the predictions.

The split of R can be done by following the procedure mentioned in [43| and in [44],
i.e. by writing

) ; Rs(q)n—l—l)
opw = [ d®,Bs(P,) | A, (P, 7" +/d®T—A (P, p )
o / () ( B P B@,) v Enpr) (2.108)
+ Rh(q)n+l)dq>n+17

where now in terms of the singular part

BL(®,) = B@,) + V(@) + [ db,R(0,.8) (2.109)
and
Ry (D,

AMS((I)mpT) = exXp (— /d(I)rB((T—’—)I)@(kJT —pT)> . (2110)

The split of the contributions may be done by defining a Splitting Function F such
that

RS(CI)n-H) = F(@n+1)R(@n+1),

Rh<q)n+1> = [1 - F(q)n+1)]R<q)n+1)>

R =R, + Ry. (2.111)

The value of the function F' varies across the phase space and determines how the
Real contribution is separated in its singular and hard components. By default, the
POWHEG-BOX sets F' = 1, corresponding to R, = R and R, = 0, which means
that the entire real part is treated as singular contribution. If a non-trivial form for
F' is chosen, allowing it to take values in the interval [0, 1], it allows the Real matrix

element to be separated into a singular contribution and a finite part.

F(®,41) — 1 singular regions,
F(®,41) — 0 hardest regions,
F(®,41) € (0,1) other regions.
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The introduction of this continuous function, guarantees a smooth split of the Real

contributions in eq. (2.108).

In POWHEG-BOX, F(®,1) can be decomposed as the product of two functions,

F((I)n—H) = FBornzeroFdampa (2112)

where,

hy
Faamp = 75— 2.113
N Wy + P (2.113)
and
R(Pp1) )

F ornzero (I)n == @ <h ornzero ~ . 2114
B (Pry1) B P (@) @ B(®,) ( )

Here, a dynamical definition of this function has been introduced by making it depen-
dent on the transverse momentum of the radiated particle. Here, hgqmy, is an arbitrary

energy scale, and hporn.ero 18 an arbitrary factor.

One way to see this is that [ is composed of two filters. The first is given by Fiam,
which will act as a purely kinematical filter in terms of pr. Then, when the radiation
is pr = 0, Fyamp = 1. But if pr > hgamp, then Fy,,,, ~ 0, and this will push /' = 0.
On the other hand, Fgyrnzero 1S designed to compare Real contribution with IR con-
tribution, where P;; ® B ~ R which is the expected behavior if the splitting is within
QCD. In that case, Fyornzero = 1. In that sense, hpornzero controls how far outside the
limits of strictly soft/collinear radiation we can associate the calculations Fyorpzero
blocks regions where R(®,,,1) is anomalously big in which case Fyornzero = 0 and the

event is not introduced to the Sudakov.

2.11 Accuracy of POWHEG

The formula in the POWHEG eq. (2.107) has an accuracy NLO. This can be demon-
strated in a simple way by expanding the exponential of the Sudakov form factor

following the procedure presented in [45]

R(q)m+1)

(Opwe) = / 4P, B(®,,) {AM@m,p%m)Om(@mH / @@,

AM(cbma pT)Oerl ((I)m+l)} )
(2.115)
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adding a convenient zero,

R(q)erl)

(Opwe) = / A®,, B(P,,) {AM(%,%’M) + / 5,

Ay (P, pr) | Om( @)

+ / d@%%(@m,m Oi1 (@) — Opa(®,0)]

(2.116)
and taking into account that kr > p2" we can introduce a Dirac delta function in
the second term of eq. (2.116)

/ dkré(pr — kr) = 1, (2.117)
pa[}in
and obtain
= R(®,,
/prTn dkrd(pr = kr) / d‘br—;@; )AM(%, pr)- (2.118)

Let us recall that the Sudakov form factor has the form

B ) = —esp ( [ a0, S22 pn)),
then,
T B(@r) = Bas@npr) (- |- [ @050 o))

P (2.119)

= Ay (P, pr) ([— /d<1>r§5(k‘T —pT)D '

Substituting this into eq. (2.118), we obtain

o0 d
/ _ dkT%AM(q)mapT) = Am (P, Pr) lpr—soc = Ant (P, PT) | ppospmin . (2.120)
p%‘bln

and

/dCI),, BE((I);_;)AM(@WL; pr) =1 — Ap (P, p7™), (2.121)

such that the eq. (2.116) takes the form
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Orwah = [ 40,80 [0u@a) + [ a0 A 1) O (Bet) ~ O]

(2.122)

From the expansion

AM(qu;pT) =1+ O(as)a
and recalling
B(®,,) = B(®,,) + V(®,,) + /dCI)TR(@mH),
the eq. (2.122) will contain terms proportional to different powers of a;, namely,
1 B% ~ U,

o V& L o2

Retaining terms up to order o, and taking into account the collinear approximation

of the phase space

<OPWG> ~ /d(Pm [B<(I)m) + V(ém)] Om<(1)m) + /qum-l-lR(q)m-l-l)Om-l-l(q)m-f—l)'
(2.123)
It means that 2.116 has the accuracy of a NLO calculation.

2.12 Event generation

2.12.1 Monte Carlo

In particle physics, computational methods are often implemented to solve, for ex-
ample, complicated integrals. Some of those methods are based on the generation of

random numbers distributed according to a given probability density [40].
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In probability theory, the expectation value of a function f(X) of a random variable
X is obtained by averaging f over all possible outcomes weighted by the probability

associated to the random variable. This can be expressed as

E[f(X)] = / f(2)dP(z). (2.124)

Here, the differential probability measure associated to the random variable X is
dP(z) = p(z)dz where p(x) is the corresponding probability density function. Ap-
plying this result to the integral

I:/Qf(x)dzlz = /Q%p(x)dx, (2.125)
where f(x) > 0.
From eq. (2.124) and eq.(2.125)

E [%} - /Q %p(m)dx. (2.126)

In the hit-and-miss Monte Carlo method, an integral can be estimated by generating
random points over the integration domain and counting the fraction of points that
fall below the integrand.

In that sense, for an integral,

I—/ f(z)dz, 0< f(z) < M.

where M is a bound for f(x), we generate a uniform distribution of points X; and Y;

in the region bounded by
(a,b) =z coordinate,

(0, M) y coordinate.

We can consider a point as a hit if Y; of the coordinate (X;,Y;) is under the curve
generated by f(X;), and a miss otherwise.

After several trials, the fraction of accepted points estimates the integral in the region

I=(b—a)M-P(Y < f(X)). (2.127)

2.12.2 Veto Algorithm

In the process of generating a parton shower, the Sudakov is interpreted as the prob-

ability of no radiation to occur above a certain scale, which in POWHEG is set as
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the transverse momentum pr of the radiated particles. To generate the first emis-
sion, an algorithm known as the Sudakov Veto Algorithm is constructed based on this

probability and the density of the subsequent branching.

In the POWHEG method, this emission is generated at NLO accuracy by modifying,
among other aspects in the calculation, the Sudakov used in the Parton Shower.
Once the first radiation is generated, the rest of the radiation is left to the shower
generator. POWHEG-BOX first generates ®p with a probability proportional to
B, and then the hardest radiation variables ®, via the veto, where a limit that
corresponds to the hardness of the emission is set by this algorithm. The generated
event is stored in the Les Houches Event (LHE) format, a standardized file format used
to communicate parton-level events between matrix-element generators and parton-
shower programs [417]. The evolution of the next radiations generated by the shower
generator must meet this limit in order to avoid a double counting of the hardest

radiation.

In the following, we provide a general overview of the veto algorithm, following the
formulation presented in [48]. For a more detailed discussion, we refer the reader to
Refs. [41,48,49].

Random points x (which can be associated to points @, in the radiation phase space)

can be generated according to

P = k(z)A(h(z))

(2.128)
= k(z) exp (—/ddx'k(x')@(h(:ﬂ’) — h(:v))) ,
here, h(x) denotes the ordering variable associated with that point (in the context of
Parton Shower algorithms it corresponds to pr), k(x) plays the role of the branching
kernel, it corresponds to the probability distribution that the first emission occurs at
the hard scale h(z). while A(h) would be the probability of evolving down to the
scale h without producing a harder emission (associated to Parton shower algorithms,

it corresponds to the Sudakov form factor).

Then, in POWHEG,

R R
P = e <—/d<I>TE@(k’T - k;T)> | (2.129)

It is the probability distribution for the first emission to occur in the phase-space point

x.
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To generate events distributed according to eq. (2.129), it is necessary to solve the
integral appearing in the exponent of the exponential. One of the problems is that the
integral appearing in the exponent cannot be evaluated analytically; moreover, direct
sampling from the probability density of Eq. (2.129) is impractica. To overcome this
problem, the Sudakov form factor can be used to construct an equivalent sampling
procedure. The key observation is that the probability density for the first emission to
occur at a hardness scale h is obtained by differentiating the no-emission probability
A(h). This leads to

dA((z))

T / dck(2)s(h(z) — h) exp (— / A2’ k(2")O(h(z') — h)) . (2.130)

The transformed variable scale r = A(h) is uniformly distributed in [0, 1]. To obtain
the hardness H a random number r is generated, and A(H) = r is solved for H.

Once H is fixed, variables ®, are distributed accordingly to

k(2)8(h(z) — H) exp <— / A2 k(YO (h(x) — H)) , (2.131)

where exp (— [ d"2’k(2')O(h(2) — H)) now depends on H that has been determined,
and there is no dependence on z. It is important to notice that x is now just condi-
tioned by the factor k(z)d(h(z) — H).

Through a function K (x) that overestimates k(z), and ensuring it is chosen to be
simpler than k£ and that it can be invertible and integrated, its corresponding Sudakov

is constructed,

Ag(h(z)) = exp (— / A2’ K (2O (h(z') — H)) : (2.132)

such that its probability distribution is

Pr(z) = K(2)Ag(h(z)). (2.133)

In this way, H,,.. is established such that Ax(H,u..) = 1 which fixes the maximum
scale that the process can take,
IV ))
AK(Hmaz>

Moreover, a random number ¢ is generated ¢ € [0,1] and it is accepted if ¢K(z) <

= Ag(H). (2.134)

k(x). If it is accepted, the event is stored and © — @, is generated by = ~ K (z)d(H —
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h(z)). If the event is not accepted, H is set as the new H,,,, y and the process is

repeated.
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2.12.3 Event generation in POWHEG

Event generation using the POWHEG method can be schematically described as
follows [48]:

First step: Total cross section

To this end, we must compute the quantity

B(®p) = B(®p) + V(®p) + /dCDTR(d)B,@T), (2.135)
which depends only on the Born kinematics, ®p.

Among the three terms that contribute to B(®p):

e B(®p) corresponds to the Born term and is evaluated analytically using Born

kinematics.

e V(®p) represents the Virtual one-loop contribution. This term is also evaluated

analytically in Born kinematics.

e The last term contains the integral

/ 4, R(®,,, D),

where the integration is performed over the radiation phase space ®,,4 =
(kr,z,¢). This is the contribution that is evaluated numerically within the
POWHEG algorithm.

In this way, we have defined B(®,,). Using this quantity, the total cross section can
be estimated through Monte Carlo integration

O = /dcbm B(®,,) = /dcbmg(cbm) f((gn’:)) %Z B(®,)

where, in the last line, the points ®! are generated according to an importance

(2.136)

function g(®,,).

This function is introduced in Monte Carlo methods to improve the efficiency of the
integration estimate by replacing the uniform generation of points in phase space

with one weighted by g. This function should approximate the shape of B(®,,). This
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method increases the sampling in regions of phase space that give larger contribu-
tions to the cross-section calculation, while at the same time reducing the statistical

variance of our estimates.
Second step: Event generation at born level

Once the total cross section has been estimated, events distributed according to the
differential cross section B(®p) are generated. To achieve this, an acceptance-rejection
algorithm is used. First, the maximum value B,,,, of the function B(®p) is deter-
mined. Then candidate points ®,, are generated in the Born phase space together
with a random number r uniformly distributed in the interval [0, 1].

The point ®,, is accepted if the following condition is satisfied

" Brnaz < B(®p,). (2.137)

Geometrically, the generated point is accpeted whenever 7 B™%* falls below the B(®,),)
distribution (see figure 2.8). If the condition is not satisfied, the point is rejected and

a new candidate is generated.

Figure 2.8: Schematic illustration of the acceptance-regection procedure implemented to
generate phase space points ®,,. For a given random r, if rB(®,,) lies below the curve
B(®,,), the corresponding phase-space point ®,, is accpeted; otherwise, rejected.

The accepted points correspond to events that now obey the form of the Born distri-
bution B(®p).

Third step: Event with radiation
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In the last step, Born vents ®,, have been already generated. Now, the next step
consists in determining whether an additional radiation is generated. In POWHEG,

the probability distribution for the hardest emission is given by

R(Prm®,)
B(®)

Let us recall that within the Parton Shower formalism, the Sudakov form factor in

Bar(® ™) + [ a, Ani(®y, ) (2.138)

the first term represents the probability of evolving from a given hard scale dow to
a cutoff p2*™ without any resolvable emission, while the second term represents the
probability of of generating the hardest emission occured at pr.

To generate the radiation variables corresponding to the radiated particle, a Monte
Carlo method is implemented again. For a given ®,,, a random number r € [0, 1] is

generated, and

Apy (P, pp™) =1 (2.139)

must be solved for pr. Once the transverse momentum of the emission has been
determined, the remaining radiation variables are generated according to the corre-
sponding phase-space parametrization.

Among all candidate emissions, the one with the largest transverse momentum is se-
lected according to the Highest-Bid procedure. If no resolvable emission is generated,

corresponding to pr = 0, the event remains at Born level.



3 Details of the calculation

We investigate the parton shower effects in the production of ttWW at the LHC,
with the goal of improving the theoretical description of this process as a relevant
background to four-top quark production. We aim to study the impact of the parton
shower modeling on kinematic observables. We compare different Monte Carlo event

generators for the fully inclusive signatures and at the fiducial level.

This study provides insight into the interaction between fixed-order calculations and

parton shower modeling, and the associated theoretical uncertainties.

3.1 Computational Setup

For the computational setup, we follow a similar procedure as in Ref. [44].

We compute next-to-leading order (NLO) QCD corrections at a center-of-mass energy
of /s =13.6 TeV (at the LHC) for the process pp — ttW*W~. The input parameter
of the Standard Model are chosen according to Ref. [50] to be

My = 80.3692 GV | My = 91.1880 GV | My = 125.2GeV |
my = 172.57 GeV , my = 4.78 GeV | (3.1)
'z = 2.4955 GeV Iy =37-1071GeV .

While the Fermi-constant is given by
Gr =1.663788-107° GeV 2, (3.2)

which determines the electroweak coupling to be

V2 M? 1
=26 M2 (11— W) = . 3.3
T W( M%) 132.1 (3:3)

For the parton distribution functions and the one-loop running of strong coupling,
we are employing the NNPDF40_nlo_as_01180_nf_4 (334700) PDF set [51], which is

57
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interfaced via LHAPDF library [52].

3.2 Implementation

For the implementation of a new process in the POWHEG-BOX framework, it is
necessary to provide some components that allow us to construct a NLO calculation
such as the Born, Virtual and Real contributions through the corresponding matrix
elements, as well as a parametrization of the phase space at born level. In this work,
the matrix elements have been obtained from OpenLoops [53-55], which are then
given to the POWHEG-BOX framework [13,48,56] that is responsible for generating
the hardest emission in the process primarily through the Modified Sudakov. Once
this is obtained, the event is written in Les Houches format and subsequently passed
to the parton shower (PYTHIA) which is responsible for generating the subsequent

emissions.

In order to validate the implementation in POWHEG, a comparison between LO-+PS
and NLO+PS predictions is performed, which allows a direct analysis of the impact
of higher-order corrections. Subsequently, to validate the NLO-+PS implementation,
the results obtained are compared with predictions generated using MGH aMCQNLO
[20,57], which implements the MCQNLO matching scheme [45,58]|. This comparison
allows, among other things, the confrontation of uncertainties associated with the

matching between fixed-order calculations and the parton shower.

In LO+PS vs NLO+PS and POWHEG vs MG5 comparisons, the theoretical uncer-
tainties associated with the renormalization and factorization scales are evaluated by
implementing variations within the seven-point scheme. This allows the quantification

of the residual dependence of the perturbative calculation.

Using matrix elements from OpenLoops [53-55] we have developed an event generator
in the POWHEG-BOX framework [13,48,56]. We compare this to predictions obtained
using AMCQNLO MG5 [20,57], which employs the MC@QNLO matching [45, 58].
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3.3 Diagrams

Some diagrams corresponding to the t#tWW production are shown below in Fig-
ures (Figs. 3.1, 3.2, and 3.3) to illustrate the types of topologies corresponding to
the Born, Virtual, and Real contributions. These diagrams are generated using
MG5 _aMCQ@NLO.

Figure 3.1: One of the Feynman diagrams contributing to t¢#WW production at the Born
level is shown. It corresponds to a gluon fusion process involving two QED-type vertices
and two QCD-type vertices.

Figure 3.2: One of the Feynman diagrams, at virtual level, contributing to ¢¢WW. It results
from a gluon-fusion process involving two QED-type vertices and four QCD-type vertices.

Figure 3.3: Above, a Feynman diagram contributing to the real level production of o ttWW.
This diagram in particular results from gd interaction, involving two QED-type vertices and
three QCD-type vertices. The radiated particle is a quark which carries a color charge.
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3.3.1 Processes and subprocesses

59a

The subprocesses contributing to the NLO QCD calculations to pp — tWW are shown

in Table 3.1. The calculation is performed under the four-flavor scheme (4FS) [59],

where u, d, s, c quarks and gluons contribute as initial state partons.

Directory (partonic process) | Type | # Diagrams | # Subproc. | Subprocesses (partonic channels)
born 16 2 dd — ttWTW—, s5 — ttWTW~
dd and s3 virt 305 2 dd — fﬂ/V*Wf, 5§ — ttiVVJrVV’
(dd, 55 — tEW+IV-) real 102 2 dg — tz‘LVV*'W"d, s$g — tlEW/*'VV_s
’ real 102 2 dd — ttWtW~—g, s5—ttWtWg
real 102 2 gd — tWTW~=d, gs— ttWTW™s
born 16 2 dd — ttW* W=, §s — ttWHt W~
dd and ss virt 305 2 dd — EfVV*I/Vi 55 — tiVVJrW/’
(dd, 55— W) real 102 2 dg — tiiﬂ/*VV’d, 59 — HLLI/VH/V’E
> -~ real 102 2 dd — ttWtW=—g, 3ss = ttWtWg
real 102 2 gd — ttWTW=d, gs —ttWTW-s
born 39 1 gg — tHWTW~=
virt 969 1 gg — W TW =
real 102 2 dg — ttWTW~=d, sg— ttWTW-s
real 102 2 ug — HWTW-u, cg— W W-c
90 real 258 1 gg — HWTW—g
Z _ real 102 2 dg — ttWIW=d, 59— ttWTW™5
(99 = tHWTW™) real 102 P gd = TWFW=d, gs — W+ W5
real 102 2 gd — WWTW=d, gs— ttWTW™s
real 102 2 gu — W W~-u, gc— ttWTW-¢
real 102 2 gu — W TW-u, gc— ttW W ¢
real 02 P ug = EWIWa, cg = GWTW ¢
born 16 2 utt — HWTW=, cc— ttW W=
it and cz virt 305 2 un — lfﬂ/VJrVV -, ¢ — t?{VVJrVV*
(ull, & — W) real 102 2 ug — tL:W’JrVV’u, cg — tfﬂ/*VV’c
R real 102 2 ut — HWTW=g, cc— W W™g
real 102 2 gu — W W~-u, gc— ttWTW-¢
born 16 2 i — ttWTW=, cc— ttWTW~=
i and & virt 305 2 uu — ﬁVV*W' -, cc— tlzl/’V*W’
(i, Ge — W) real 102 2 ug — tt}V*’W"ﬂ, cg — thV‘"VV‘E
’ real 102 2 uu — tWTW=g, cc— tHtWTW g
real 102 2 gu — HWTW-u, gc— ttWTW-c

Table 3.1: Born, virtual and real subprocesses contributing to pp — t##WTW ™ in the
POWHEG-BOX implementation.

A total of 4590 diagrams are considered for this process, which correspond to 103
Born, 2189 Virtual, and 2298 Real diagrams.

POWHEG and MadGraph weights

Table 3.2 shows the fraction of positive- and negative-weight events obtained in the
generation of ttWW events with POWHEG and MadGraph5 aMC@NLO.
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Generator Positive weights | Negative weights
POWHEG 99.995% 0.005%
MadGraphb aMC@NLO 77.63% 22.37%

Table 3.2: Comparison of positive and negative event weights in POWHEG and Mad-
Graphb aMCQ@NLO.

POWHESG is designed to generate almost entirely positive weights, unlike MC@QNLO,
which produces a considerable fraction of negative weights. For the ttWW pro-
cess, the POWHEG sample contains (99.995%) positive weights, whereas the Mad-
Graph5 aMC@NLO sample contains (77.630%) positive weights. Since the total
cross section is obtained through the sum of the weights of all generated events, both

positive and negative weights must be taken into account.
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Figure 3.4: An example of results when the damping function is activated in POWHEG

3.3.2 Total cross sections and differential distributions

As a first step, we examine two different choices of renormalization and factorization

scales,
Hry
Mﬁx:mt+mW7 ,udyn:TE

> Br(i), (3.4)

i € final state

N —

where the transverse energy is given by Er(i) = /p%(i) +m?. First we study the
scale dependence of the total cross section. For this, we perform computations for

wr = pr = & 1o, where p is either the fixed or the dynamical scale.

Next, we proceed to study the differential distributions and their residual theoretical
uncertainties. To this end, we adopt the dynamical scale choice, ugr = pur = po =
ftayn- Theoretical uncertainties associated with missing higher-oreder corrections are

estimated using the 7-point envelope

(% Z—i) = {(0.5,0.5), (0.5,1), (1,0.5),(1,1), (1,2), (2, 1),(2,2)} (3.5)

The damping function reduces deviation of the POWHEG calculations. In the POWHEG-

Box framework we use the following damping parameters

H
hdamp = TT ) Mbornzero = 9 ) (36)

the impact of the damping functions can be visualized through the Fig. (3.4).
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and study their related theoretical uncertainties through the following variations

o) = { () (22.2). (20). (.Y e} 7

For AMCQNLO MGS5 the equivalent parameter would be the initial shower scale
fo, which we choose to be g = Hp/2. Uncertainties related to this choice are

obtained by considering the envelope of

Hr H

We study the distributions for

e Top-quark observables,
e W-boson observables,

e Hadronic distributions

3.3.3 Jet formation

After the hard event is generated by POWHEG and the parton shower is simulated
with PYTHIA, the resulting stable final-state particles are clustered into jets using the
algorithm of anti-k7, which combines particles that are close in the pseudorapidity-
azimutal angle space, and clustering soft particles around hard ones. To define a
fiducial region (a region of phase space defined by kinematic cuts to match the detec-
tor acceptance and the experimentally accessible phase space) of analysis, only jets
satisfying the kinematic requirements pj, > pgr,mw In;] < 7P are used.

Similar requirements are imposed on the charged leptons in the final state, ensuring

that all reconstructed objects lie within the fiducial acceptance of the analysis.



4 Results

Results at fixed-order matched to parton showers (PS) are presented here using the
POWHEG-BOX framework for the process pp — ttWW with a center of mass
energy /s = 13.6 TeV at the LHC, and are compared to predictions made with
MG5 _ aMCQ@QNLO. The differential cross-section distributions are presented for sev-

eral observables (inclusive and exclusive).

4.1 Top-Quark Observables

4.1.1 Transverse momentum distribution for the hardest top

quark in the events (pr(t1))

Fig. (4.1) shows the transverse momentum distribution of the hardest top quark
in the event. This observable is considered inclusive since it depends only on the
kinematics of the hardest top quark and does not require a fixed number of extra

particles in the final state.
Left panel

For the fixed-order calculation + PS within the POWHEG-BOX the LO+PS (red
band) and NLO + PS (blue band) were generated in order to compare the contribu-
tions arising from the inclusion of one additional order. The differential cross section
d%T (upper panel) represents cross section as a function of the transverse momentum
of the hardest top quark, pr(¢;). The vertical axis is presented on a logarithmic scale.
It is observed that the inclusion of one additional perturbative order leads to an en-
hancement of the distribution, with the NLO+PS prediction lying above the LO+PS
result over the entire transverse momentum range.

Both distributions decrease along the pr axis, as expected since high-p; emissions are

less likely to occur due to the large momentum transfers required.

The lower panel shows the ration between NLO+PS and LO+PS as a function of
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Figure 4.1: Inclusive ttWW QCD production as a function of the transverse momentum of
the hardest top-quark. In the left-hand panel (Lh.p.), a comparison between calculations
an LO+PS and NLO+PS in POWHEG are shown, including their respective theoretical
uncertainties. In the right-hand panel (r.h.p) a comparison between ttWW production in
POWHEG and in MG5_aMC@NLO is displayed, considering uncertainties related to the
pr and pg scales and to the matching scheme.

pr(t1). We see that an increase between ~ 20% and ~ 50% is introduced by the
NLO-+PS which is more pronounced in the low-pr region. It means that the NLO
contribution, does not only correct the underestimated LO prediction but also redis-
tributes events across the pr space.

This behavior reflects the impact of higher-order corrections, which not only modify
the normalization of the cross section but also improve its perturbative accuracy.
The uncertainty bands associated with renormalization and factorization scale vari-
ations are shown as shaded regions in the plots. The inclusion of NLO corrections
reduces the residual scale dependence, leading to an improvement in the perturbative
stability of the prediction. The corresponding uncertainty is reduced from approxi-
mately 20% at LO+PS to about 10% at NLO-+PS.

Right panel

The comparison between the POWHEG (red curve) and MG5 aMC@NLO (blue
curve), both at NLO+PS, is shown.

In addition, the middle and low panels show the ratio of oygs/opownegc with the cor-

responding theoretical uncertainty bands arising from scale variations (middle panel),
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and from the matching scheme (bottom panel), computed using the seven-point en-
velope prescription.

A good agreement between both frameworks is observed in the distribution of events
as a function of the transverse momentum of the hardest top quark. This can be inter-
preted as this observable is lowly sensitive to the specific matching scheme employed
(POWHEG vs MC@NLO).
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4.1.2 Pseudorapidity distribution of the hardest top quark,
n(t)
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Figure 4.2: Inclusive ttWW QCD production as a function of the rapidity of the hardest
top-quark. In the left-hand panel (Lh.p.), a comparison between calculations an LO+PS
and NLO+PS in POWHEG are shown, including their respective theoretical uncertainties.
In the right-hand panel (r.h.p) a comparison between ttWW production in POWHEG and
in MG5_aMC@NLO is displayed, considering uncertainties related to the pur and pg scales
and to the matching scheme.

Results for n(t;) are shown in Figure (4.2). Once again the left panel presents a
comparison between the LO+PS and the NLO+PS distributions both generated in
POWHEG, while the right panel shows a comparison between the predictions at
NLO-+PS generated with POWHEG and MG5 _aMCQNLO.

Left panel

The LO+PS (in red) and NLO+PS (in blue) distributions for the rapidity of the
hardest top are both generated with POWHEG. In the upper panel, it is observed
that the distribution is predominantly concentrated in the central region, around
n(t;) = 0, which indicates that the top quarks are mostly produced with small longi-
tudinal boosts along the beam axis (z) . The distribution decreases systematically for

rapidities away from zero. In order to produce highly forward top quarks, a strong
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asymmetry between the initial-state momentum fractions x; and x5 is required, which
is suppressed by the parton distribution functions.

The NLO prediction is systematically larger than the LO one, which indicates that
the LO+PS calculation underestimates the distribution. The ratio generated for both
results, where the LO prediction is normalized, reveals a non-uniform K-factor (see
Apendix A.5) over the range of n(t;).

It can also be seen that the uncertainty bands are reduced at NLO to about 10%,
(smaller than the LO bands of around 20%), meaning that for this observable, the
perturbative uncertainty decreases when higher-order corrections are included, as

expected.

Right panel

In the upper panel, the NLO+PS predictions obtained with POWHEG and MG5  aMC@NLO
are overlaid. Both distributions are found to be in good agreement over the entire
rapidity range with the expected results. The middle and lower panels display the
ratio of the two predictions, normalized with respect to the POWHEG result. In
the middle panel, the theoretical uncertainty bands associated with scale variations
are shown for both frameworks, amounting to approximately 12% and being nearly
constant across the full range, with a significant overlap between them. In the lower
panel, the uncertainty bands associated with the matching scheme are displayed,
which are found to be negligible, at the level of approximately 0%. This indicates
that this observable is almost no sensitive to the matching for both POWHEG and
MG5_ aMCQ@QNLO
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4.1.3 Invariant mass of the top-quark pair, M;;

Fig. (4.3) presents the invariant-mass distribution of the top-quark pair. Since this
observable is directly related to the kinematics of the hard scattering process, it
provides a useful probe of the impact of higher-order corrections on both the normal-

ization and shape of the distribution.
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Figure 4.3: Inclusive ttWW QCD production as a function of the invariant mass of the
top-quark pair. In the Lh.p., a comparison between distributions estimated at LO+PS and
NLO+PS in POWHEG is shown, including their respective theoretical uncertainties. In the
r.h.p a comparison between ttWW production in POWHEG and in MG5_aMC@NLO is

displayed, considering uncertainties related to the pupr and pp scales and to the matching
scheme.

Left panel

The LO+PS and NLO+PS results obtained with POWHEG are shown now for the
invariant mass distribution of the ¢f pair. The distributions are shown in a logarithmic
scale.

In the distribution there are no events contributing to the distributions below ap-
proximately 345 GeV, since it is not possible to produce a top-pair lighter than this
value. The threshold starts at M;; ~ 2m; ~ 345 GeV. Here, the tops are produced
almost at rest with respect to their center of mass frame.

For M;; ~ 2m; ~ 345 GeV the tops are produced far from relative rest and the

system requires more energy in the center of mass to produce the event. The higher
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energy required to produce the pair, the fewer events are generated. Therefore the

distribution decreases as the invariant mass grows.

The NLO distribution is larger than the LO one over the entire invariant mass range,
with differences that go from approximately 40% to 60%. It means that the NLO
corrections enhance the LO prediction, and also changes the shape of the distribution.
In the ratio, the NLO+PS contribution shows an increasing behavior over the whole
range, which means that the correction becomes more relevant in the hard region of
the ¢t invariant mass.

The shaded bands corresponds once again to the theoretical uncertainties estimated
through the seven point envelope scheme.

At higher order in the calculation, its dependence on the renormalization and the
factorization scales decreases, so the uncertainty band at NLO is reduced with respect
to the LO one.

Right panel

In the right panel distributions for this observable generated both at NLO in the
POWHEG-BOX (red line) and in MG5_aMC@NLO (blue line) are shown. They
show a very good agreement, indicating that both provide consistent perturbative
predictions. The corresponding scale variation ratio normalized to POWHEG remains
close the unity over the entire M;; range. This indicates that the dependence on the
normalization and factorization scales is largely driven by the fixed-order calculation

rather than by the matching scheme.

The matching ratio between POWHEG and MG5 aMC@NLO remains consistent
with unity over the full range, indicating that this observable is weakly dependent on
the NLO+PS matching scheme.
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4.2 W-boson Observables

4.2.1 Transverse momentum of the hardest W-boson, pr (W)
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Figure 4.4: Inclusive ttWW QCD production as a function of the transverse momentum of
the hardest W-boson. In the L.h.p., a comparison between distributions estimated at LO+PS
and NLO+PS in POWHEG is shown, including their respective theoretical uncertainties. In
the r.h.p a comparison between ttWWW production in POWHEG and in MG5 _aMCQ@QNLO

is displayed, considering uncertainties related to the pupr and pp scales and to the matching
scheme.

Here, the transverse momentum distribution for the hardest W-boson in Fig. (4.4) is

analyzed.
Left panel

Distributions for the transverse momentum pp (W) of the hardest W are shown for
both LO+PS (red) and NLO+PS (blue) calculations in the POWHEG framework.
The highest differences between the LO and the NLO predictions are of nearly 55%,
while the lowest are of nearly 20%.

That means that the NLO calculations not only correct the underestimation of events
made by the LO prediction, but also introduce a K-factor dependent on the transverse

momentum that modifies the shape of the distribution.



70 CHAPTER 4. RESULTS

The pr(W;) distribution falls as the transverse momentum increases, since events
at this scale require a higher energy configuration in the hard scattering, which are

statistically suppressed.
Right panel

Distributions at NLO+PS in POWHEG and in MG5 _aMC@NLO are shown. In the
top panel a direct comparison is displayed, while the middle panel shows the ratio
between MG5 aMCQ@NLO predictions compared to POWHEG calculations. The
solid lines exhibit an excellent agreement between the two frameworks across the
entire range.

In the middle panel, uncertainties associated to the scale variation, ur and pp are
shown, which for POWHEG and MG5 aMC@NLQO are consistent. This observable
is weakly dependent on the scale variations employed in both frameworks.

Finally, in the bottom panel the ratio is shown, with information related to the
matching of the frameworks. The uncertainty bands increase slightly as the transverse
momentum increases, both for POWHEG and for MG5 _aMC@NLO.

In addition, the corresponding uncertainty bands overlap throughout the spectrum.
This indicates that the underlying physics of this observable is consistently described
by both frameworks.
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4.3 Hadronic Observables

4.3.1 Hadronic transverse energy, Hp
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Figure 4.5: Inclusive ttWW QCD distribution in terms of Hp. In the Lh.p., a comparison
between calculations an LO+PS and NLO+PS in POWHEG are shown, including their
respective theoretical uncertainties. In the r.h.p a comparison between ttWW production
in POWHEG and in MG5_aMCQ@NLO is displayed, considering uncertainties related to the
ur and pg scales and to the matching scheme.

Distributions for Hy of the system are shown in Figure (4.5).
Left panel

In this panel, NLO+PS (red) and NLO-+PS (blue) predictions are displayed, both
obtained with POWHEG. As expected, both distributions exhibit a decreasing be-
havior at larger Hr, reflecting that the events with large transverse activity require
increasingly energetic configurations, which are kinematically suppresses.

Significant difference between the two predictions are observed. The ratio indicates
that the K-factor is not constant over the Hp domain. In the region of high Hyp,
noticeable differences can be seen. However, the corresponding uncertainty band
overlap, indicating a good agreement between the two perturbative orders within

uncertainties.
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On the contrary, in the low-Hr region, the LO+PS predictions underestimates the
NLO+PS results and the uncertainty bands do not fully overlap, highlighting the

importance of higher-order corrections in this region.

It is important to notice that the uncertainty band at NLO is reduced with respect
the the LO one. This indicates an improvement in the theoretical predictions due to

the inclusion of higher order effects.

Overall, this observable shows a strong dependence on the higher-order corrections
suggesting that NLO calculations are essential to improve predictions and further

improvements can be achieved by considering NNLO corrections.
Right panel

The comparison between POWHEG (in red) and MG5 aMC@NLO (blue) predic-
tions at NLO+PS is shown. A good overall agreement is observed, although small
differences appear in the domain of the high Hr. Also theoretical band are enhanced
in the same region and indicate a moderate sensitivity to renormalization and factor-

ization scales.
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incl
jets

4.3.2 Number of inclusive jets,
We can define the number of inclusive jets as the number of reconstructed jets in an
event that contribute to the observable. The jet multiplicity is computed by counting
all reconstructed jets that satisfy the analysis selection criteria for fiducial studies
(see section (3.3.3)), and the inclusive jet distribution is built as the cumulative
distribution of N or more jets. Each bin includes the contribution of events with N

or more jets to the cross section.
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Figure 4.6: Inclusive ttWW QCD distribution in terms of the number of inclusive jets (i.e.
jets that meet N > Nj,¢). In the left-hand panel (1.h.p.), a comparison between calculations
an LO+PS and NLO+PS in POWHEG are shown, including their respective theoretical
uncertainties. In the right-hand panel (r.h.p) a comparison between ttWW distribution in
POWHEG and in MG5_aMC@NLO is displayed, considering uncertainties related to the
wr and pp scales and to the matching scheme.

Left panel

The distributions of the inclusive jet multiplicity N;,y for LO+PS and NLO+PS are
shown in Fig. (4.6). It is observed that the predictions differ in shape. In the first
bins, the NLO+PS estimate is above LO+PS, while for bins of high multiplicities the
opposite exclusively occurs. The first bin, corresponding to N > 0 jets, includes all
generated events, independently of the number of jets, and therefore it mainly contains

information about the total normalization of the process. The difference reflected here
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between NLO and LO is due to the inclusion of virtual and real corrections in the

calculation, which modify the way in which the cross section is estimated.

For N > 1 the distribution begins to consider radiation because all events include at
least one resolvabled radiation, which is generated by POWHEG at NLO-+PS, while
subsequent emissions, if any, are generated by the parton shower. In the same way,
this explains that the region of high multiplicities is increasingly dominated by the
shower dynamics. On the other hand, the first radiation at LO+PS level is generated
by the parton shower. These differences may explain why there is a difference in the

high multiplicity region in the estimate.

The lower panel displays the ratio of the NLO+PS prediction to the LO+PS result.
The deviation from unity reflects the effect of higher-order corrections on the jet-
multiplicity distribution. As discussed above, NLO corrections enhance the low-
multiplicity region, while a suppression is observed at larger jet multiplicities

The uncertainty bands, obtained using the seven-point scale-variation prescription,
are visibly reduced at NLO+PS with respect to LO+PS. This behavior reflects the
reduced dependence of the prediction on the renormalization and factorization scales
when higher-order corrections are included.

On the other hand, we can observe the ratio which is calculated by normalizing with
respect to the LO+PS calculation. The theoretical uncertainties estimated following
the seven-point envelope are reduced at NLO-+PS with respect to LO+PS. This again
reflects that calculations at higher orders reduce the dependence on the scale.
Despite the difference between the solid lines, the uncertainties overlap, except for
the first bin, therefore the theoretical estimates are consistent within theoretical un-

certainties.
Right panel

Distributions for the number of inclusive jets estimated implementing POWHEG and
MG5 aMCQ@QNLO are shown. In both cases, first emission is generated by these
frameworks, while subsequent emissions are generated by the shower (PYTHIA). It
is this first emission that determines the evolution of the rest of the radiation.

Small differences between POWHEG and MG5 aMC@NLO can be observed at the
first bins in the distribution. At higher multiplicities, these differences increase. For
low jet multiplicities, POWHEG and MG5 aMC@NLO show good agreement. How-
ever, as the jet multiplicity increases, the differences between the two frameworks
become more pronounced, particularly in the high-multiplicity region. This behavior

reflects the modeling uncertainty associated with the simulation of additional QCD
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radiation beyond the first NLO emission. In particular, we observe that the differences
are not accounted by the uncertainty estimates of either predictions. Therefore, the
difference can be taken as an uncertainty of the matching procedure itself. This obser-
vation is especially relevant for experimental searches for four-top-quark production,

whose signal regions are typically characterized by large jet multiplicities.

In the central panel the ratio between POWHEG and MG5 aMCQNLO is shown
together with the uncertainty bands related to py and pg variations, while the bot-
tom ratio shows the uncertainty bands for matching scale variation. Theoretical
uncertainties are in general smaller than the MG5 _aMC@QNLO ones. There exist a
partial overlap of those bands, so differences between frameworks can be considered
as compatible with theoretical uncertainties in certain region of the range of Nj,. In
the region of higher multiplicities, these differences cannot be reconciled. This may

indicate differences in the construction and structure of each framework.
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4.3.3 Transverse momentum of the hardest jet, pr(ji)

In the following, we present the description of the results for the observable trans-
verse momentum of the hardest jet, pr shown in Fig. (4.7). Once again, the
right panel shows a comparison between LO and NLO results, both within the
POWHEG framework, while the left panel presents a comparison between POWHEG
and MG _aMC@NLO.
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Figure 4.7: Inclusive ttWW QCD differential distribution of the transverse momentum of
the hardest jet. In the L.h.p, a comparison between calculations an LO+PS and NLO+PS
in POWHEG are shown, including their associated theoretical uncertainties. In the r.h.p, a
comparison between ttW W production in POWHEG and in MG5 aMC@NLO is displayed,
considering uncertainties related to the pur and ppg scales and to the matching scheme.

Left panel
It is important to emphasize that at LO, the underlying process does not include radia-
tive contributions. Therefore, within the LO+PS scheme, all radiation—particularly

the first emission—originates from the parton shower.

It should be recalled that the shower, through the Sudakov factor, provides a reliable
description of the soft and collinear regions of phase space. However, this approxi-
mation loses accuracy as one approaches the hard region of phase space. Thus, the

first emission, which corresponds to the hardest one, is modeled with less accuracy.
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Since POWHEG is based on pr ordering, this first emission plays a fundamental role
in determining all subsequent radiation, as it conditions, through the Sudakov factor,

the structure of the subsequent emissions via a hierarchy in py.

Meanwhile, in the NLO+PS scheme, the first emission is generated using the matrix
elements that contribute to the real corrections, and is therefore exact over the entire
phase space. Once again, since the shower is conditioned by the hardest emission,

this results in a more accurate description of the subsequent radiative cascade.
Right panel

In the left panel, the comparison between the POWHEG-BOX and MG_a_ MC@QNLO
frameworks for the cross section distribution with respect to the transverse momen-
tum of the hardest jet is shown, and both implement NLO-+PS calculations.

In the upper panel it is visible that in both cases the distribution increases in the low
transverse momentum region of the jet, and then begins to decrease as it increases.
The distribution shows that the production of soft jets is more probable than that
of hard jets, since the production of high-ps jets requires energetic emissions, which
are favored if the colliding partons carried a large momentum fraction of the parent
hadron. And this probability is suppressed by the PDFs.

On the other hand, the middle panel shows the ratio between both predictions. This
comparison is performed by means of POWHEG normalized opy /opy = 1 bin by
bin. The blue line is op¢/0pw, which allows one to quantify the differences between
both generators.

The solid lines correspond to the choice of the renormalization scale ur and the
factorization scale pp, and the bands represent once again the theoretical uncertainty
estimated through the variation of these scales by means of the 7-point envelope

scheme.

We can see that in the high transverse momentum region, the characteristic scale of
the process is large, so that ay = s (ug) takes small values, such that small variations
in the scale produce noticeable changes in a;. Therefore, the prediction becomes more
dependent on the scale in this regime, which produces a widening of the theoretical

uncertainty bands in this region.



5 Discussion

In this work, we studied the pp — ttWW production at NLO QCD for the events
at a center of mass energy of 13.6 TeV, within the POWHEG-BOX framework. The
interest in this process lies in the fact that it represents one of the most important
backgrounds for ¢ttt production, the latter being a rare process, and at the same time
of great importance in the exploration of signals of new physics, especially related to
the Higgs sector.

Being the latter a rare process, having greater control over the background processes
that may appear is of special importance. Detailed studies on significant background
processes such as ttW, ttZ have been carried out in recent years, at different theo-
retical and technical levels. In this work, a detailed study of ttWW production at
NLO (QCD) in hadronic collisions using the POWHEG framework is presented for
the first time.

From this, differential distributions of the event for different observables of the process
are studied. The objective has been to observe the predictions that this generator
provides, and the theoretical uncertainties associated with its construction, among
which those associated with the renormalization and factorization scales of the theory
and with the matching procedure.

Due to the different matching procedures implemented by POWHEG and Mad-
Graphb5 aMC@NLO to combine fixed-order NLO calculations with parton showers,
as well as their different treatments of the theoretical scales entering the simulation
and the resulting fraction of positive and negative weight events, it was decided to
perform a comparison of the simulation results between both frameworks.

The results were that fully inclusive observables of the event were generated con-
sistently between both generators, resulting in distributions being generated with
little difference or such that the uncertainty bands always overlapped. In the case of
POWHESG it is necesarry to implement a consistent form of the damping function, to
successfully separate the hardest real contributions which are treated at NLO order
level.

It was not the same case for the distributions of exclusive observables, that are par-
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ticularly sensitive to additional QCD radiation, such as the number of inclusive jets,
the hadronic transverse energy, Hr and the transverse momentum of the hardest
jet, pr(j1), where the differences in the predictions between the different frameworks
became more noticeable, despite the implementation of the damping function. This
reflects the impact of the matching method used, as well as the treatment that each
one makes with respect to the constants pug and pp.

Having, for the first time, access to the kinematic properties of the ttWW process
provides a valuable tool for the interpretation of experimental results and contributes
to the search for signals of new physics. In particular, a precise characterization
of this process is important because it constitutes a relevant background to four-
top-quark production. One of the most powerful observables in this context is the
number of inclusive jets. The multiplicity of inclusive jets is expected to be larger in
tttt production than in processes such as ttWW, owing to the presence of four top
quarks in the final state. Their decays, t — bW, give rise to multiple b-jets, while
additional jets can originate from the subsequent hadronic decays of the W bosons.

As a consequence, tttt events tend to populate regions of high jet multiplicity

Moreover, part of the relevance of this work also lies in the fact that it involves the
development of a new generator in the POWHEG framework for the ttWW process,
which belongs to the class of ¢tV V processes, where V' denotes a vector particle.
This advancement, therefore, lays the foundations for the development of generators
associated with the t¢ZZ and ttW Z production processes, which constitute secondary
contributions of this type to the tttt background, and whose inclusion complements
the study of ttV'V processes. In this sense, this work leads to a project whose objective
is to integrate the study of these processes and to culminate in the publication of a

paper that contributes to the field.



A Appendix

A.1 Resummation

Resummation is a procedure that allows one to deal with the appearance of large
logarithmic terms in a perturbative series, which can spoil its convergence.
In perturbative QCD [60], a cross section can be written as an expansion in the

strong coupling constant a; :

J:cro—i—asol—{—agag—i—--- :Za’;an. (A.1)
n=0

However, in certain regions of phase space, large logarithms L appear, for example:

Q2
In(1 — 2), In (—2) , etc. (A.2)
1
In these situations, the coefficients o,, contain powers of these logarithms, such that

the series takes the form

o= 0y [1 +ag(a L? + b1 L+ c¢;) + a?(agL* + by L? + coL? + -+ ) + - } . (A3)

In general, the dominant terms at each order are of the form o”L*", known as Lead-

ing Logarithms (LL). The terms af
(NLL), and so on.

When L is large, the terms a?L?" can be of order unity even if o, < 1, which

L?"=1 correspond to Next-to-Leading Logarithms

breaks the convergence of the perturbative expansion. The idea of resummation is to
reorganize the series and sum these dominant contributions to all orders.

At LL accuracy, this sum typically leads to an exponential:

ot = ogexp [—Aa,L?], (A.4)

whose expansion reproduces the dominant terms:
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1
ot = g (1 — Ao, L? + §(Aa5L2)2 + . ) . (A.5)

This type of exponentiation is characteristic of the resummation of soft and collinear

logarithms.

A particularly important case in high-energy physics is the Sudakov factor.
The Sudakov factor A(t) represents the probability of not emitting resolvable radi-
ation above a scale t (typically a pp or a virtuality). In QCD, it can be written

as:

Q2
A(t) = exp (— / déemissmn%P(z)>, (A.6)
t 27T

where P(z) is the splitting function.

LL approximation

In the soft and collinear limit, the emission phase space can be parametrized as:

it do

dq)emission ~ 2 .
k7. 2w

(A7)

The integral over k2. generates a logarithm, while the integration over z, through the
splitting function, produces another logarithm. As a result, double logarithmic terms
appear in the exponent:
Qs dk2,
dP ~ —P(z)—5-dz. (A.8)
T k7

This explains the origin of the a”L?*" terms that dominate in the LL approximation.
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A.2 Hry

The quantity Hr is defined as

where ¢ represents all final-state particles. It is not a vector quantity.
Due to the fact that

§ = 11138, (A.10)

where § represents the energy scale of the hadrons in the collision, while z; and

represent the partonic momentum fractions, it follows that, for massless particles,

thus the maximum transverse momentum for the products could be obtained when
sinf = 1, so that p7* = \/TE

From the inversion of this relation one obtains

5 > 4p2., (A.12)

where obviously p% > 0. The above allows us to interpret that, for the production
of jets with high transverse momentum, a large transfer of partonic momentum is
required.

Taking this into account, Hr measures the activity in the transverse plane with respect
to the collision axis.

That is, in LO+PS, the parton shower is responsible for contributing radiation, from
the hardest to the softer ones. All of them contribute.
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A.3 Invariant mass of the tt system
Mg = (pi + pp)° (A.13)
which in the center of mass frame is,

Mg = (B, + Ep)*. (A.14)

Then, M,; represents the total energy of the pair ¢ in its center of momentum.

In the center of mass tt

Then, the invariant mass

My = Ey + Er = 2¢/m? + [p]2.

If |p] — 0, then there is almost zero kinetic energy.

This means that the energy M;; at the center of mass frame is approximately equal
to the sum of the top quark masses with the tops being produced nearly at rest with

respect to each other. [61]
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A.4 Rapidity and pseudorapidity of particles in the

final state

Due to the internal structure of the proton, the colliding partons carry a fraction of
the proton momentum. Those momentum fractions are generally different for the
two incoming partons, and the consequence is that the center-of-mass frame of the
partonic interaction is boosted with respect to the laboratory frame along the z axis.
Then, to characterize the the longitudinal motion of a resulting particle in the final
state, the rapidity is defined as [62]

1 E+p,
=1 Al
y 2n(E_pz), (A.16)

where E and p, are the particle energy and longitudinal momentum, respectively. A
particle traveling close to the +z beam direction has p, > 0 and therefore y > 0,
while a particle moving close to the —z direction has p, < 0 and hence y < 0. If the

particle is emitted perpendicular to the beam axis, p, = 0 and consequently y = 0.

The form of the equation of rapidity is useful because under a longitudinal Lorentz

boost it transforms as

y/ = Y + Yboost> <A17)

where Ypoost depends only on the boost. Therefore, rapidity differences between final-

state particles in the same event,

Ay = yi1 — Y, (A-18)

remain invariant under longitudinal boosts, making them especially suitable for the

study of hadron-collider events.

For highly relativistic particles, for which m < |p]then E ~ |p], and consequently the
rapidity approaches the pseudorapidity,

y~—In {tan (g)] =1, (A.19)

where 6 is the polar angle measured with respect to the beam axis. Since pseudora-
pidity depends only on the particle direction and can be reconstructed directly from

detector information, it is widely used in experimental analyses.
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A.5 The K-factor

A commonly used quantity in collider phenomenology is the K-factor, which measures
the impact of higher-order perturbative corrections relative to a lower-order predic-
tion. For an observable whose total cross section is known at different perturbative
orders, the K-factor is defined as

K = JHO (A.20)

where opo denotes the cross section computed at a higher perturbative order (e.g.
NLO or NNLO), and o010 is the corresponding leading-order prediction.

The K-factor provides a measure of the size of perturbative corrections. Values close
to unity indicate that higher-order effects are relatively small, while larger deviations
from unity signal substantial corrections. In hadronic collisions, sizeable K-factors
often arise due to the opening of new partonic channels at higher orders or from large
virtual corrections.

For differential distributions, it is useful to introduce a local or differential K-factor,
defined as

dO'Ho/dO
dO’Lo/dO7

where O denotes the observable under consideration. In contrast to the total K-factor,

(A.21)

the differential K-factor generally depends on the kinematic region. A constant dif-
ferential K-factor indicates that higher-order corrections mainly affect the overall
normalization of the distribution, whereas a non-uniform behavior reveals shape dis-
tortions induced by higher-order contributions.

Although the K-factor is a useful diagnostic tool, it should not be regarded as a phys-
ical observable. Its numerical value depends on the perturbative order considered,
the renormalization and factorization scales, the choice of parton distribution func-
tions, and the definition of the observable itself. Therefore, the K-factor should be
interpreted only as an indicator of the relative importance of higher-order corrections

within a given theoretical setup.
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